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o Knowledge Compilation [DM2002,CD1997]
o Formula Minimization [Q1952,Q1959,M1956]
o Model-based diagnosis [dK1992]
o Inductive generalization in model checking [BM2007]
o Modal logic [B2009]
o
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o A new approach that can compile non-clausal formulae
o Can compile formulae with thousands of variables

o It's completely based on SAT technology
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A literal is a variable or its negation

o Clause: A disjunction of literals
(cV—a)

Satisfied clause: at least one literal is true under the given assignment to variables

o Term: A conjunction of literals
(c A —a)

Satisfied term: all of its literals are true under the given assignment to variables
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o Clausal:
oo CNF: conjunction of clauses

(cVva)A(cV-a)
oo DNF: disjunction of terms
(ecna)V(cAna)

o Non-clausal:

oo Non-CNF and Non-DNF
oo Propositional formulae: well-formed formulae built with standard

connectives =, A, V

((cna)V(chn—a)Ad
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o A term [, is called an implicant of F if I, F F.

oo An implicant /, of F is called prime if any subset I/ C I, is not an
implicant of F.
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o A term [, is called an implicant of F if I, F F.
oo An implicant /, of F is called prime if any subset I/ C I, is not an
implicant of F.

ooo A satisfying assignment (model) expressed as a conjunction of literals is
an implicant (i.eif p=1, s =0, t = 1 is a satisfying assignment then
pA—sAtisan implicant)

o A clause [ is called an implicate of F if F F .

oo An implicate I, of F is called prime if any subset I, C I, is not an
implicate of F.
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G G G
F=(pVs)A(rVtV=s)A(rV-t)

o Implicate: p \/Cr4\/ t = obtained by resolution of C; and G,
oo Prime implicate: pV r = obtained by resolution of C3 and (4
o Implicant: pA—-sArA-t(p=1,s=0,r=1,t=0)
oo Prime implicant: pAr (p=1,r=1)
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o CNF formulae:

oo Polynomial time procedure

a G G
F (mravbVve)A(avd)A(—~dVeVT)
l, = —aAbAcANdANeAN—f
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oo Polynomial time procedure
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o CNF formulae:

oo Polynomial time procedure

C1 C2 C3
F (mavbVve)A(avd)A(ndVeVr)
l, = cANdAhe

o Propositional formulae:
1. Shannon expansion: Worst-case exponential grow of the formula

OR

1. Convert F to Fenr using a Tseitin encoding
2. Reduce an implicant /, using the following procedure:

input : Formula Feng, In and Var(F)
output: Prime Implicant in /,
1 foreach | € I, and var(l) € Var(F) do
1=\ {1}
if I/ A —=F unsat then
Y
else
6 ‘ continue
7 return /,
8 end

QoA W N
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o lterated consensus or resolution [Q1952,Q1959, T1967]
o Unionist product [C1996]
o Based on dual rail encoding [P1999,12014]
o Semantic resolution [51970]
o SE-trees [R1994]
o BDD-based (i.e ZRes) [SD2001]
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o lterated consensus or resolution [Q1952,Q1959, T1967]
o Unionist product [C1996]
o Based on dual rail encoding [P1999,12014]
o Semantic resolution [51970]
o SE-trees [R1994]
o BDD-based (i.e ZRes) [SD2001]

They all assume the formula in CNF (DNF) or they are
limited to formulae with few variables
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o Minimal Hitting Set (MHS):
Given a collection I of sets, a hitting set H for [ is a set such that

vSel,HNS #0.

oo A hitting set H is minimal if none of its subsets is a hitting set.
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o Minimal Hitting Set (MHS):
Given a collection I of sets, a hitting set H for ' is a set such that

vSel,HNS #0.
oo A hitting set H is minimal if none of its subsets is a hitting set.
o Example Minimal Hitting Set:

{a, b, c}
=1 {b,d}
{e}

Hy ={b,e}, Ho ={a,d,e}, H3 = {c,d,e}.
Note that instead {a, b, e} is not a Minimal Hitting Set.
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o Prime Implicants and Implicates are related by a hitting set duality

oo Pl,(F): set of all prime implicants of F
oo Pl,(F): set of all prime implicates of F

A term (clause) I is a prime implicant (implicate) of F if and
only if / is a minimal hitting set of Pl.(F) (Pl,(F))

This remains true for any subset of Pl.(F)(PI,(F)) that is equivalent
to F (cover)
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o Suppose PI(F) C Pls(F) and PI(F) not equivalent to F

oo A MHS p of PI.(F) does not necessarily corresponds to a prime
implicant

A term p is a prime implicant of F if
1. pis a MHS of PI(F)
2. p A —F is unsatisfiable

o When sets are represented as clauses with positive literals, minimal
models correspond to MHS

oo A minimal model is a model containing a minimal number of variables
assigned to true
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o An approach completely based on SAT technology
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o An approach completely based on SAT technology

o Exploits the existing duality between prime implicants and prime
implicates in order to find new prime implicants/implicates

o Complements existing approaches (i.e ZRes) [sD01]
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o We use a CNF formula H to keep track of the already computed
prime implicants/implicates

H formula
(dual rail encoding)

Unexplored prime implicants &
i prime implicates
assignment
to block
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o We use a CNF formula H to keep track of the already computed
prime implicants/implicates

H formula
(dual rail encoding)

prime implicants &

Unexplored T o
. prime implicates
assignment i
to block

When H is unsatisfiable either all the P/,(F) or all the Pl.(F)

have been computed
15/23



o Prime implicants/implicates can be more than 2"
o Example without dual rail encoding:
F=dA(aVv—bV-=d)A(cVb)

H=(bV-cV-d)A(-aV-bV-d)AN(bVc)ANdA(aV—b)

Pl,(F) Pl.(F)
-bANcANd| bVc
ancAd d
aNbAd avece
aV b
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o Prime implicants/implicates can be more than 2"

o Example without dual rail encoding:

F=dA(aVv—bV-=d)A(cVb)

H=(bV-cV-d)A(-aV-bV-d)AN(bVc)ANdA(aV—b)

(b V —\C)

Pl,(F) Pl.(F)
-bANcANd| bVc
ancAd d
aNbAd avece

aV b
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o For each variable v in var(F) create two variables x, and x_,:
.(xv=land x,, =0)=v=1
.(xw=0and x,, =1)=v=0
. (x» =0and x., =0) = v is a don't care
. (x» =1 and x_, = 1) = forbidden

In order to achieve the requirement of point 4 add the clause
{(=xy V =x=y) | v € var(F)}
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input : Formula F

output: Pl,(F) and prime implicate cover of F
H <+ {(=x, V =x.,) | v € var(F)}

while true do

© © N O G A W N =

end

(st, A") « MinModel(H)

if not st then return

AF « Map(AH)

(st, M™F) « SAT(AF A —F)

if st then # FE-MF; ie ~MF is an implicate
I, < ReduceImplicate(M~F, F)

ReportImplicate(/e)

b+ {x|l€l}

else # AF = F;ie AF is an implicant
I, — AF

ReportImplicant(/,)

b+ {-x|l€l}

H+ HU{b}
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input : Formula F
output: Pl,(F) and prime implicate cover
of F

1 H <+ {(—x V-x-v)|v Evar(F)}
2 while true do

3 (st, AH) < MinModel(H)

4 if not st then return

5 AF « Map(AH)

6 (st, M™F) < SAT(AF A =F)
7 if st then

8 le + ReduceImplicate(MF, F)
9 ReportImplicate(le)

10 b+ {x|le€l}

11 else

12 In < AF

13 ReportImplicant(/s)

14 b+ {-x/|l€l}

15 H <+ HU{b}

16 end
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input : Formula F
output: Pl,(F) and prime implicate cover
of F

1 H<+ {(—x V-x=v)| v €var(F)}

2 while true do

3 (st, A") < MinModel(H)

4 if not st then return

5 AF « Map(AH)

° i(:t;t’v’;gl‘— SAT(A" A =F) If unsatisfiable then all the prime impli-
3 lo < ReduceImplicate(M™F, F) cants have been computed!!
9 ReportImplicate(le)

10 b+ {x|le€l}

11 else

12 In + AF

13 ReportImplicant(/s)

14 b {=x|I€ I}
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input : Formula F
output: Pl,(F) and prime implicate cover
of F

1 H<+ {(—xv V-x=y)|v €var(F)}

2 while true do

3 (st, AH) < MinModel(H)

4 if not st then return (xa x2a)  (xp x2p)  (xc xoc)  (xg Xoaq)
5 AF « Map(AH) AH = 10 00 10 10
6 (st, M™F) < SAT(AF A =F)

7 if st then ‘u

8 le + ReduceImplicate(MF, F) AF i D 1 1
9 ReportImplicate(/e) (a) (b) (o) (d)
10 b+ {x|l€l}

E else I AF Assignment to test: aAcAd

13 ReportImplicant(/s)

14 b {-x|I€ I}

15 H <+ HU{b}
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2 while true do

3 (st, AH) < MinModel(H)

4 if not st then return

5 AF « Map(AH)

6 (st, M™F) < SAT(AF A =F)

7 if st then aAcAdA—F unsatisfiable
8 le + ReduceImplicate(MF, F)
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input : Formula F
output: Pl,(F) and prime implicate cover
of F

H <+ {(—xv V—=x=v) | v € var(F)}

while true do

(st, AH) < MinModel(H)

if not st then return

AF « Map(AH)

(st, M™F) < SAT(AF A =F)

if st then
le + ReduceImplicate(MF, F)
ReportImplicate(le)
b+ {X[ | le /e}

else
In < AF
ReportImplicant(/s)
b(—{—|X/|/€In}

H <+ HU{b}

end

O N O CAE WN -

input : Formula Feng, le and Var(F)
output: Prime Implicate in /e
foreach | € I and var(l) € Var(F) do
le =1\ {1}
if IJ A F unsat then
| =1
else
| continue
return /o
end
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H = BA(=x2pV=xcVixg ) A (70 Voxp Voixg ) A (Xp Vxe ) Axg A(Xa Ve )A (X2 Vxap)

(xa x=a)  (xb x=p)
AH = 10 00

4

AF = 1 D
(a) (b)

a/AcAd is the last remaining prime
a model!

(Xe Xac)  (Xd X=d)

10 10
1 1
(c) (d)

implicant and is returned as
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\ | QG6 | Geffe gen. | F+-PHP | F+GT | Total |

ZRes-tison 0 0 11 0 11
primer-a (Pl,) 53 596 30 26 705
primer-a (Ple) 28 588 30 27 673
primer-b (Pl,) 64 595 30 30 719
primer-b (Ple) 30 577 30 27 664

Ny

primer-b  vs Zres on
F-+PHP family

ZRes-tison

1072 =i

: a a a L
1072 107! 100 10! 10% 10° 10% .
primer-b (P, computation) 21/23



o Presented a new approach that can compile non-clausal formulae
o Can compile formulae with thousands of variables
o It's completely based on SAT technology

o Complements existing approaches

o Future work
oo Applications of prime enumeration

oo SAT-Based Formula Simplification [IPM15]
oo Preferred prime implicants/implicates
ooo Horn LUB [MPM15]
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