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Core of Team Semantics

» In most studied logics formulae are evaluated in a single state of affairs.
E.g.,
» a first-order assignment in first-order logic,
» a propositional assignment in propositional logic,
» a possible world of a Kripke structure in modal logic.
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» In most studied logics formulae are evaluated in a single state of affairs.
E.g.,
» a first-order assignment in first-order logic,
» a propositional assignment in propositional logic,
» a possible world of a Kripke structure in modal logic.
> In team semantics sets of states of affairs are considered.
Eg.,
> a set of first-order assignments in first-order logic,

» a set of propositional assignments in propositional logic,
» a set of possible worlds of a Kripke structure in modal logic.
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Core of Team Semantics

» In most studied logics formulae are evaluated in a single state of affairs.
E.g.,
» a first-order assignment in first-order logic,
» a propositional assignment in propositional logic,
» a possible world of a Kripke structure in modal logic.
> In team semantics sets of states of affairs are considered.
Eg.,
> a set of first-order assignments in first-order logic,

» a set of propositional assignments in propositional logic,
» a set of possible worlds of a Kripke structure in modal logic.

» These sets of things are called teams.
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Team Semantics: Motivation and History

Logical modelling of uncertainty, imperfect information, and different notions of
dependence such as functional dependence and independence. Related to similar
concepts in statistics, database theory etc.

Historical development:
» Branching quantifiers by Henkin 1959.
» Independence-friendly logic by Hintikka and Sandu 1989.
» Compositional semantics for independence-friendly logic by Hodges 1997.
(Origin of team semantics.)
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Team Semantics: Motivation and History

Logical modelling of uncertainty, imperfect information, and different notions of
dependence such as functional dependence and independence. Related to similar
concepts in statistics, database theory etc.

Historical development:
» Branching quantifiers by Henkin 1959.
» Independence-friendly logic by Hintikka and Sandu 1989.

» Compositional semantics for independence-friendly logic by Hodges 1997.
(Origin of team semantics.)

» Dependence logic by Vaananen 2007.
» Modal dependence logic by Vaananen 2008.

» Introduction of other dependency notions to team semantics such as
inclusion, exclusion, and independence. Galliani, Gradel, Vaananen.

» Generalized atoms by Kuusisto (derived from generalised quantifiers).
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Syntax of propositional logic:

pu=plapleAp)|(pVe)

Team Semantics

Semantics via propositional assignments:

" "
name ‘
s |

p q r
o1 1 SFE(Ar)

Team semantics / semantics via sets of assignments:

{s,t,ut=a, {sit}=(pVr)
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. Complexity of
Tea m Sem a nt | CS proposifionatlylogics

in team semantics

Jonni Virtema

We want that for each formula ¢ of propositional logic and for each team X
X ‘: 92 iff Vs & X:s ‘: Pp. Team Semantics
We define that

XkEp iff VseX:s(p)=1

XE-p iff VseX:s(p)=0

XEpAy iff XEgpand X 19

XEpVvy iff YiEyeand Z =1y,
for some Y, Z C X such that YU Z = X.
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We extend PL by adding atomic formulae that describe properties of teams.

Dependence atoms:  dep(p, q, r)
"the truth value of r is functionally determined by the truth values of p and q".

Dependency atoms

{s,u} [ dep(p,r), {s,t} = dep(p,q),
{s,t,u} Edep(q), {s,t,u} = dep(r)Vdep(r).




Extensions of propositional logic oroporitiona! logis

in team semantics

Jonni Virtema

We extend PL by adding atomic formulae that describe properties of teams.

Dependency atoms

Inclusion atoms:  (p1, p2) C (g1, g2)
"truth values that appear for p1, po also appear as truth values for g1, g2".

{s;,t}FpPCq, {sit}=qCr, {st,u}=(p,q)C(r,q)




Extensions of propositional logic

We extend PL by adding atomic formulae that describe properties of teams.

Syntax of propositional dependence logic PD:

pu=plapl(eAe)]|(¢Ve)]|dep(pr,...,pn q)

Syntax of propositional inclusion logic PLInc:

pu=plapl@re)[(eVe)l(p1,---spn) C(q1,---5an)
Syntax of propositional team logic PTL:
pu=pl=pl@Ap)](pVe)|~p,

with the semantics X = ~p iff X |~ ¢.
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Model checking:
Input: A team X and a formula ¢.
OUtpl'It: Does X ‘: SO h0|d? Complexity Results

Satisfiability:
Input: A formula .
Output: Does there exists a non-empty team X s.t. X |= ¢?

Validity:
Input: A formula .
Output: Does X = ¢ hold for every non-empty team X7




Complexity results
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Satisfiability Validity Model checking
Complexity Results
PL NP coNP NC!
PD NP NEXPTIME NP
PLInc EXPTIME coNP P
PTL AEXPTIME(poly) AEXPTIME(poly) PSPACE




Source of hardness:

A well-known NP-complete problem:
3SAT:

Input: A 3CNF-formula ¢

(e.g..(p2V=pr) A(=p1V p3V p2) A(p3sV —psaV —p2) A p2).
Output: Does there exists an assignment s s.t. s = ¢?
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Source of hardness:

A well-known NP-complete problem:

3SAT:

Input: A 3CNF-formula ¢

(e.g..(p2V=p7) A(=prV p3V p2) A(p3V —psaV —p2) A p2).
Output: Does there exists an assignment s s.t. s = ¢?

We may rewrite the above as follows:
Input: A existentially prenex quantified QPL-sentence ¢

(e.g3pr---3pr((p2V —pr) A(=p1V p3V p2) A(p3V —paV —p2) A p2) ).

Output: Does () = ¢ hold?
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Source of hardness:

A well-known NP-complete problem:

EQBF:

Input: A sentence ¢ of the form dp; ... dpyt), where ¢ € PL.
Output: Does () = ¢ hold?

A well-known PSPACE-complete problem:

QBF:

Input: A sentence ¢ of the form 3p1Vpy ... Vp,—13pnt), where ¢p € PL.
Output: Does ) = ¢ hold?
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From QBF to DQBF

A well-known PSPACE-complete problem:

QBF:

Input: A prenex quantified QPL-sentence ¢ (e.g., 3p1Vp2Vp3Ipat) ).
Output: Does ) = ¢ hold?

The formula 3p1VpoVp33pat) may be equivalently written with the help of
Skolem functions f; € {0,1} and £ : {0,1}2 — {0,1}:

3A36VpVp3 v (fi/p1, f2(p2, p3)/pa)
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From QBF to DQBF

A well-known PSPACE-complete problem:

QBF:

Input: A prenex quantified QPL-sentence ¢ (e.g., 3p1VpaVp33pat) ).
Output: Does () = ¢ hold?

The formula dp1VpoVp3dpay may be equivalently written with the help of
Skolem functions f; € {0,1} and £ : {0,1}% — {0, 1}:

3A36Yp2Vp3 1 (f/p1, 22(p2, p3)/pa)
Formulae ¢ of the form 3f; ... 3f,Vp1...Vpr1), where ¢ € PL and

arg(f;) C {p1,...,pn}, are called as DQBF-sentences. Moreover, if
arg(f;) C arg(fi;1) for all i, we say that ¢ is simple.
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From QBF to DQBF

A well-known PSPACE-complete problem:

QBF:

Input: A prenex quantified QPL-sentence ¢ (e.g., 3p1Vp2Vp3Ipat) ).
Output: Does () = ¢ hold?

The above PSPACE-complete problem can be reformulated as follows:
SDQBF:

Input: A simple DQBF-sentence ¢.

Output: Does ) |= ¢ hold?
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From QBF to DQBF

A well-known PSPACE-complete problem:

QBF:

Input: A prenex quantified QPL-sentence ¢ (e.g., 3p1Vp2Vp3Ipat) ).
Output: Does () = ¢ hold?

The above PSPACE-complete problem can be reformulated as follows:

SDQBF:
Input: A simple DQBF-sentence ¢.
Output: Does () = ¢ hold?

Not so well-known NEXPTIME-complete problem:
DQBF: (Peterson, Reif, and Azhar 2001)

Input: A DQBF-sentence .

Output: Does () = ¢ hold?
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Example: DQBF

Essentially an instance of DQBF is as follows:

From 3SAT to
ADQBF

Eifl e Eianpl NN vpk(p(pl, oo Py fl(El), “eey fn(En)),

where ¢ is a propositional formula and ¢; is some tuple of variables from
P1;-- -, Pk-




From DQBF to ADQBF

Example: DQBF

Essentially an instance of DQBF is as follows:

Elfl PN Elanpl RPN Vpk(p(pl, <y Pn, ﬂ(gl), ey fn(gn)),

where ¢ is a propositional formula and ¢; is some tuple of variables from
Pi;- -, Pk-

A ¥ -alternating qBf, £ ,-ADQBF is a formula of the form

G IV VR (3R 3P Vpae(pr, - F(E), ),

where ¢ is a propositional formula and E’J’ is some tuple of variables from
P1;-- -, Pn-

alh
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From DQBF to ADQBF

A ¥ -alternating qBf, £,-ADQBF is a formula of the form

G IV VR (3R 3P Vpae(pr, - F(E), ),

where ¢ is a propositional formula and E;’ is some tuple of variables from
P1;---,Pn-

» > ,-ADQBF is ZEX‘D—complete odd k, and Zf)ff—complete for even k.
» ,-ADQBF is MEXP_complete even k, and MEXP-complete for odd .
» ADQBF is AEXPTIME(poly)-complete.
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Connection between ADQBF and PTL it e
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A £ ,-ADQBEF is a sentence

From 3SAT to

ORIV VR (BR3P Ypne(py, ., F(E)), ) AR

can be written as the following QPL[~, dep(+)]-sentence
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A ¥ ,-ADQBEF is a sentence

(3. IRV VR (B 3E)YpL . Ypee(pr, . (G, )

can be written as the following QPL[~, dep(+)]-sentence From 3SAT to
ADQBF

Vp1---Vpn(3qi---3q;) (Uai -+ Uqy) (363 -~ 3q3) ... (Jgr -+ 3qp)

~l~pr-p) AN dep(c;',q;‘)] v [( A dep(c;',q;‘))Ae]

1<i<k 1<i<k
i is even i is odd

1<I<ji 1<I<j;




Connection between ADQBF and PTL

Vp1---Vpy (3qi ---3q;,) (Uai -~ Ugy) (3q7 -+ 3a3) - - (35 - - 3qf;)

~~pr-p) AN\ dep(c;',q;)] v [( A dep(c;',q;'))w]

1<i<k 1<i<k
i is even i is odd
1<I<; 1<I<j;

Dependence atoms can be eliminated from above by the use of ~.

The quantifiers can be eliminated by a shift to satisfiability and by simulating
existential quantifiers by V and universal quantifiers by ~ V ~.
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THANKS!
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