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Abstract:

A restricted Boltzmann machine (RBM) is often used as a nglthlock for constructing dee
neural networks and deep generative models which havedypoyularity recently as one wag
to learn complex and large probabilistic models. In thespdaodels, it is generally know
that the layer-wise pretraining of RBMs facilitates ndingreore accurate model for the dat
Itis, hence, important to have an ef cient learning methodR&M.

The conventional learning is mostly performed using thetsstic gradients, often, with th
approximate method such as contrastive divergence (CD)ifeato overcome the computg
tional dif culty. Unfortunately, training RBMs with this ggroach is known to be dif cult, ag
learning easily diverges after initial convergence. Thicdity has been reported recently b
many researchers.

This thesis contributes important improvements that adgdiresdif culty of training RBMs.

Based on an advanced Markov-Chain Monte-Carlo samplingodeatalled parallel temperin
(PT), the thesis proposes a PT learning which can replace Cbirgarin terms of both the
learning performance and the computational overhead, Rfitepis shown to be superior t
CD learning through various experiments. The thesis aldddathe problem of choosing th
right learning parameter by proposing a new algorithm, tii@péive learning rate, which i
able to automatically choose the right learning rate duléagning.

A closer observation into the update rules suggested thatileg by the traditional update rule
is easily distracted depending on the representation afskts. Based on this observation, |
thesis proposes a new set of gradient update rules that aeenolaust to the representatic
of training data sets and the learning parameters. Extergperiments on various data se
con rmed that the proposed rules indeed improve learningisigntly.

Additionally, a Gaussian-Bernoulli RBM (GBRBM) which is anant of an RBM that car
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learn continuous real-valued data sets is reviewed, andrtfposed improvements are tested

upon it. The experiments showed that the improvements cdstdoee made for GBRBMSs.

Keywords: Boltzmann Machine, Restricted Boltzmann Machine, Anng:éteportance
Sampling, Parallel Tempering, Enhanced Gradient, Adaptiesrirg Rate,

Gaussian-Bernoulli Restricted Boltzmann Machine, Deepiiiag
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Chapter 1
Introduction

Deep learning has gained its popularity recently as a wagarining complex and large
probabilistic models (see, e.g., Bengio, 2009). Especidiep neural networks such as
a deep belief network and a deep Boltzmann machine have b@dedifp various ma-
chine learning tasks with impressive improvements overventional approaches (Hinton
& Salakhutdinov, 2006; Salakhutdinov & Hinton, 2009; S&latdinov, 2009b).

Deep neural networks are characterized by the large nunidayers of neurons and by
using layer-wise unsupervised pretraining to learn a gristic model for the data. A
deep neural network is typically constructed by stackindfipie restricted Boltzmann ma-
chines (RBM) so that the hidden layer of one RBM becomes the eisdyler of another
RBM. Layer-wise pretraining of RBMs then facilitates nding a recaccurate model for
the data. Various papers (Salakhutdinov & Hinton, 2009;tétin& Salakhutdinov, 2006;
Ranzato et al., 2010) empirically con rmed that such muiéige learning works better than
conventional learning methods, such as the back-promagaiith random initialization. It
is thus important to have an ef cient method for training RBM .

Unfortunately, training RBM is known to be dif cult. Recent esrch suggests that with-
out careful choice of learning parameters that are wellegutb specic data sets and
RBM structures, learning algorithms can easily fail to motieldata distribution correctly
(Schulz et al., 2010; Fischer & Igel, 2010; Desjardins et2010b). This problem is often
evidenced by the decreasing likelihood during learningesenhfailures have discouraged
using RBMs and its extensions such as deep Boltzmann machinemfe sophisticated
and variety of machine learning tasks.



1.1 Contributions of the Thesis

This thesis aims to address this dif culty by proposing atted learning methods.

Firstly, parallel tempering, an advanced Markov-chain Me@Garlo sampling algorithm,

is proposed to replace a simple Gibbs sampling in obtairhiegstochastic gradient. Con-
trastive divergence learning (Hinton, 2002) which is améag algorithm for RBM based on
Gibbs sampling has been successfully used, in practicéadming RBMs, however, with

shortcomings that are discussed later in the thesis. As afevegddressing those short-
comings, parallel tempering learning is proposed and sktely tested through various
experiments.

Secondly, the thesis proposes an adaptive learning ratbéasing the appropriate learning
rate automatically. The adaptive learning rate is derivethfmaximizing a local approxi-
mation of the likelihood such that it removes the need for madlg choosing the learning
rate and its scheduling.

Lastly, the enhanced gradient is designed so that the gnadi® not contain the terms
which often distract learning. Furthermore, the enhangedignt is invariant to the data
representation, for example, a bit- ipping transformatfor RBM with both binary visible
and hidden neurons, and the sparsity of the data set doeffeuitlaarning anymore.

These improvements over the traditional learning methoelexensively studied with var-
ious experiments on a number of widely used benchmark déta B&NIST handwritten
digits (LeCun et al., 1998), its bit- ipped version 1-MNISOptDigits handwritten digits
(Asuncion & Newman, 2007), and Caltech 101 Silhouettes dettgMarlin et al., 2010)
are heavily used for testing RBM which is able to model binatadsts. Additionally, a
Gaussian-Bernoulli RBM which is a variant of RBM that is capablmofieling continuous
values is experimented with CIFAR-10 data set (Krizhevskp@Q@&nd CBCL face data set
(MIT Center For Biological and Computation Learning).

The experiments along with the theoretical background oorthat the proposed improve-
ments in learning methods indeed remove the discussedutties and improve the perfor-
mance in training RBMs.

1.2 Background and Related Work

A learning algorithm for Boltzmann machine and its variards been introduced already
in 1985 by Ackley et al. (1985). However, training Boltzmanaahines was considered



to be dif cult due to its stochastic nature and the compuotadi dif culty in estimating the
normalizing constant until recently.

The simplest variant of Boltzmann machines, a restrictedzZBa@nn machine, was intro-
duced by Smolensky (1986). RBM which has no intra-layer cotime@mong the same
type of neurons, either visible or hidden, has a big advatagr the fully-connected Boltz-
mann machine. It became possible to perform Gibbs sampdiqgired for computing the
stochastic gradient layer-wise and parallelized.

However, even the parallelized layer-wise Gibbs sampkagires that the sampling needed
to be performed until the Gibbs sampling chains convergéise@quilibrium. It prevented
training RBM on large data sets, because it requires unaddgptag time for generating
samples.

In 2002, Hinton (2002) proposed contrastive divergence (@Bjning which can be used
for training product-of-expert (PoE) models, one of whopecgl forms is RBM . CD
learning approximates the true gradient by running Giblspsiag chain for only a few
steps starting from the training data samples at each upddtis approximate method,
however, turned out to work well in practice, and it becaneeldarning method of choice
for training RBMs.

Based on the success of CD learning, many variants of it haveibgeduced since then.
Most of them, for instance, persistent contrastive divecge(PCD) learning, can be con-
sidered as a variant of stochastic approximation proce@aee.g. Salakhutdinov, 2009b)
which is justi ed by Younes (1989). The stochastic approaiion procedure makes it pos-
sible that training RBMs or other types of BMs does not necdgsaed to wait for Gibbs
sampling chain to converge at every update, thus reducengdgmputational load.

With these newly proposed learning methods and the inttamluof advanced computing
techniques, such as GPU Computing (Mdller et al., 2010; Bexgstal., 2010) training
RBMs has gained its popularity among researchers and mangssige results have been
published (see the rest of the thesis for references). Edlyesome papers (see e.g. Hin-
ton & Salakhutdinov, 2006) suggested that a deep neuralankfvguch as a multi-layer
perceptron (MLP) with more than three hidden layers, isdvetined when each layer
is pre-trained separately as if it were a single RBM, which bexbshe popularity of deep
learning.

Additionally to a simple RBM, many structural variants havemproposed. Semi-restricted
Boltzmann machine proposed by Osindero & Hinton (2008) rezaav part of restriction

1Some of the experiments in the thesis have been performedRih Gomputing using CUV library
(Muller et al., 2010): http://www.ais.uni-bonn.de/dekgarning/downloads.html
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by introducing the lateral connections among the visiblg&raes, and it was shown to work
well for modeling image patches. A more sophisticated fofniRBM which is called
Mean-Covariance RBM was introduced by Ranzato et al. (2010)derdo model not only
the mean of the visible neurons, but also the covariance grtteam.

Modi cations to the original RBM have been proposed in ordentodel wider range of
data sets. Replacing binary visible units with Gaussiarbl@sunits has been proposed
earlier and experimented extensively on modeling imagehest by Krizhevsky (2009,
2010). Softmax units were successfully introduced as a wambdeling data with a small
set of discrete values (Salakhutdinov et al., 2007). Alsoently Nair & Hinton (2010)
proposed to use the recti ed linear units instead of binayrons.

Most of the related work presented in this section are séggneeferenced again through-
out the rest of the thesis where the relevant topics are skecl

1.3 Structure of the Thesis

The main contents of the thesis is split into three chapt@napter 2 reviews the concept of
Boltzmann machines and restricted Boltzmann machines andHeycan be trained using
various methods. The chapter, then, discusses severaltovaysluate the trained RBM,
such as estimating log-probability of data samples, etalgdhe classi cation accuracy,
and visualizing the learned Iters. The chapter nishes bgtsg well known dif culties
of training RBMs and conventional remedies that address ikesges.

In Chapter 3, the thesis proposes parallel tempering (PTilegas a substitute for widely
used contrastive divergence learning. A basic concepttafdacing PT sampling to train-
ing RBMs is described, and experimental results supportiagcthim that PT learning is
superior, are provided.

Chapter 4 proposes two main contributions of this thesis entbomprove learning. They
are the enhanced gradient and the adaptive learning rateudtmout the extensive exper-
iments, the proposed learning methods are shown to addregdiftculties presented in
Chapter 2.

Chapter 5 describes how RBM can be extended such that it can maakeiuous valued
data sets. A Gaussian-Bernoulli RBM (GB-RBM) is discussed, angrakgnhancements
are proposed. GB-RBMs with the enhancements are tested exdignsith various data
sets.



Finally, in the last chapter, the overall summary of the ithesgiven, and the future work
is discussed.



Chapter 2
Restricted Boltzmann Machines

This chapter provides a detailed discussion on Boltzmanrhimas and its simpler vari-
ant, restricted Boltzmann machines. The chapter esped@ilyses on how to train and
assess Boltzmann machines using the stochastic gradiemtnahgze its dif culties. The
conventional remedies and their inherent problems areybpiesented at the end of the
chapter.

2.1 Boltzmann Machine

Boltzmann machine (BM) is a stochastic recurrent neural nétwonsisting of binary
neurons (Haykin, 1998; Ackley et al., 1985). The networkukyfconnected, and each
connection between two neurons is symmetric such that fleetedf one neuron on the
state of the other one is symmetric for each pair.

The probability of a particular state=[x1;X»;  ;Xg]" of the network is de ned by the
energy of BM which is postulated as
_ X X X
E(xj )= Wij XX bxi;

i i

where denotes parameters of the network consisting of a weightxat = [w; ] and a
bias vectob = [h]. w; is the weight of the synaptic connections between neuransl; .
We assume that; = 0 and thatwv; = w;i. The probability of a statr is, then,

P(xj )= Tl)exp[ E(xj )] (2.1)



where X

Z( )= exp[ E(xj )]

X

is the normalizing constant.

It follows from (2.1) that the conditional probability of @ngle neuron being eithé¥ or 1
given the states of the other neurons can be written in thexolg way:

P(Xi=1]Xu; W)= Pl ; (2.2)

1+exp e WX b

wherex,; denotes a vectdk;; X 10 Xie1 ' Xq]T.

The neurons of BM are usually divided into visible and hiddaesx = [vT;hT]", where
the statew of the visible neurons are clamped to observed data, andidbesk of the
hidden neurons can change freely. In this case of havingleisind hidden neurons, the
probability of a speci ¢ con guration of the visible neursrtan be computed by marginal-
izing out the hidden neurons.

2.1.1 Training Boltzmann Machines

The parameters of BM can be learned from the data using sthmaaximum likelihood
estimation. Given a data skt (gl , the log-likelihood of the parameters of BM is

X X X
L()=logP(v®j )= log PNY5hj ); (2.3)

t=1 t=1 h

where the samplesVs are assumed to be independent from each other, and thetstifte
the hidden neurons have to be marginalized out.

The gradient of the log-likelihood is obtained by taking t@drderivative ofL( ) with
respect to parametevs;

@ _N | o
@y 2 ixjiy hxixi

where a shorthand notatidni, -, denotes the expectation computed over the probability
distribution P( ). Additionally, d and m were used for denoting two probayilitistri-
butionsP(h j fv(lg; ) andP(x j ), respectively. They are the probability of hidden
neurons when the visible neurons are clamped to the sanapléshe probability of all the



neurons without any xed neurons. According to the sign affeterm, the two terms can
be referred to as the positive phase and the negative plespectively.

The overall update formula for a parametgr is
Wi Wi + hXin id h XiXj im ; (24)

where denotes the learning rate.

For the clarity, from here on we I&t be a vector of biaseg of the visible neurons only,
andc be a vector of the biases of the hidden neurons. Then, foratepaiases of visible
and hidden neurons, the update rules are, in analogy to theeipule for the weights,

b b+ [hviy hvi]; (2.5)

and

G ¢+ i, hhji (2.6)

m
wherev;, h;, b, andg denote the-th visible neuron, the-th hidden neuron, thieth visible
bias, and th¢-th hidden bias.

More details on deriving the update rules are given in AppeAd

Although the activation and learning rules of BM are both dieéormulated, there are
practical limitations in using BM. Especially, the gradidr@sed update formulas (2.4) —
(2.6) are not computationally feasible, as the distrimgicequired in both the positive and
negative phases can only be obtained after computing thealizing constanz ( ).

ComputingZ( ), however, requires the summation over exponentially masgiple con-
gurations of BM, and it is simply impossible for large BMs.

One obvious approach to avoid computing the normalizingt@ont is to use Markov-Chain
Monte-Carlo (MCMC) sampling methods to compute the stochagstdient. Due to the
simplicity of the activation rule for a single neuron givdretstates of other neurons, a
simple Gibbs sampling is enough to get stochastic gradients

Gibbs sampling can easily be implemented because the aomalitlistribution of the state
of a single neuron in BM given the states of all the other nesiregiven by (2.2). A simple
description on how to perform Gibbs sampling with BM is ddsed in Algorithm 1.

This approach can greatly reduce the computational burtidre@radient update rules. If
itis assumed that the number of samples required for exptathe probability distribution
of the whole state space is suf ciently smaller than the sikéhe state space, that is the



Algorithm 1 Gibbs sampling steps for general BM
Draw X uniformly from the state space.

repeat
fori=1:::ddo
Samplex; using Equation (2.2).
end for

until the suf cient number of samples are gathered, or Gibbs sagplas reached the
equilibrium.

number of all possible combinations of the states of thearesyrthe learning of BM is not
anymore computational unfeasible.

However, there also exist other kinds of limitations in gsfaibbs sampling for training
BM. The biggest problem is due to the full-connectivity of BMn& each neuron is con-
nected to and in uenced by all the other neurons, it takes asynsteps as the number of
neurons to get one sample of the BM state. Even when the viséhleons are clamped to
the training data, the number of required steps for a sinmgkehfsample is still at least the
number of hidden neurons. This makes the successive samgles chain highly corre-
lated with each other and this poor mixing affects the penéorce of learning. Another
limitation of this approach is that multi-modal distribortis are problematic for Gibbs sam-
pling (Salakhutdinov, 2009b): Due to the nature of comptiwgse sampling, the samples
might miss some modes of the distribution.

2.2 Restricted Boltzmann Machine

To overcome practical limitations imposed on the generatZBehnn machine such as the
problem of inef cient sampling, a structurally restrict@grsion of Boltzmann machine
called Restricted Boltzmann Machine (RBM) has been proposedniyleéhsky (1986).
RBM is constructed by removing the lateral connections invbeh the visible neurons
and the hidden neurons. Therefore, a visible neuron woulg ltavve edges connected to
the hidden neurons, and a hidden neuron would only have exgesected to the visible
neurons. Now, the structure of RBM can be divided into two |layeith inter-connecting
edges. The relationship between BM and RBM is illustrated imféd.1.

Although the imposed restriction could possibly suggeat the representational power
might have been reduced, Le Roux & Bengio (2008) showed that RBMuisiversal ap-
proximator such that it can model any discrete-valued goibbadistribution (Le Roux &
Bengio, 2008).
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Figure 2.1: lllustration of the relationship between Bolt&am machine and restricted
Boltzmann machine

As the restriction has been imposed on the structure, thegeed the state probability
must be modi ed accordingly:

E(vihj )= v'Wh b'v <c'h (2.7)

P(v:hj ):Tl)expf E(vihj )g;

where now parameters= (W ; b; c) include biase® andc.

Since each hidden neuron is independent of each other givreavisible neurons, it is
possible to explicitly sum out the hidden neurons and oliteenunnormalized probability
of the visible neurons. The probability of a state of visib&ironsy is, then,

I

Y Xv h
P(vj )= Tl) exp(’v) 1+exp ¢+  wv (2.8)
j=1 i=1

wheren, andn;, are the number of the visible neurons and the hidden neuresysectively
(Salakhutdinov, 2009a).

2.2.1 Training Restricted Boltzmann Machine

The learning rules of RBM , then, become

Wi Wi + w h/ihjid hVihjim (29)
h b+ plviy hvi] (2.10)
G G+ ¢ hhyiy hhi o, (2.11)
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where the same shorthand notatfon, , was used as before.

Although there is no rigorous theoretical background oroslmg learning rates, tradition-
ally, smaller learning rates are used for learning bothdsgblinton, 2010).

Since RBM is a special case of BM, it is possible to employ the s@mbs sampling to
learn. Thanks to its restricted structure, Gibbs sampling lee used more ef ciently, as
given one layer, either visible or hidden, the neurons indtier layer become mutually
independent (see Figure 2.2). This possibility of the layise sampling enables the full
utilization of the modern parallelized computing enviraemh

Figure 2.2: Visualization of the idea of how the layer-wisibléd sampling is done in
RBM .

However, as the number of neurons in RBM increases, a greatdberuof samples must
be gathered by Gibbs sampling in order to properly explaegrobability distribution
represented by RBM . Moreover, due to the nature of Gibbs sagglthe samples might
still miss some modes of the distribution.

Many approaches have been proposed to overcome theselti#dscu

2.2.2 Contrastive divergence learning

One popular approach is contrastive divergence (CD) legmioposed by Hinton (2002)
as an approximate method for training Product-of-Expertle® Equation (2.8) directly
implies that RBM is a special case of POE models, and CD learr@ngeadily be used for
training RBMs.

CD learning approximates the true gradient by replacing ¥peeation oveP(v;h | )
with an expectation over a distributidt, that is obtained by running steps of Gibbs sam-
pling from the empirical distribution de ned by the traigjrsamples. Figure 2.3 illustrates
the distributiond?y andP,,.

For the weights, the CD learning formula, then, becomes
Wi Wi + hx; hj i Po h x; hj [ P,

11
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Figure 2.3: Visualization of how CD learning obtains the emcgi distribution used in
the positive phase and the approximate model distributgedun the negative phase.
In the gure, each row represents the Gibbs sampling chartisg from each training
data sample, angh andp,, denote the empirical distribution and the approximate rhode
distribution, respectively.

It should be noted that the case= 0 produces the empirical distributidh(h jfv(¥g; )
used in the positive phase, whereas the ecase 1 produces the true distribution of the
negative phas(x j ) (Carreira-Perpifian & Hinton, 2005; Bengio & Delalleau, 2009)

As it can be anticipated from the fact that the direction & gnadient is not identical to
the exact gradient, CD learning is known to be biased (CarRapifian & Hinton, 2005;
Bengio & Delalleau, 2009). Nevertheless, CD learning has ls&ewn to work well in
practice. A good property of CD is that in case the data distioin is multi-modal, running
the chains starting from each data sample guaranteeshthaamples approximating the
negative phase have representatives from different modes.

This advantage of CD learning, however, is its disadvantageeasame time. The samples
from P,, do not necessarily explain the whole state space. Henceg sbtthe modes in
the model distribution are not explored, and even aftemiegrhas converged the model
distribution possesses the modes that are not in the datéodieon de ned by the training
data set. This problem is illustrated in Figure 2.4.

In order to overcome this problem, different approachegdas CD learning have been
proposed. Among them persistent contrastive divergenC®)Fearning is the simplest
extension of CD learning (Tieleman, 2008).

12
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(a) Model distribution and training samples (b) CD fantasy samples and training samples

Figure 2.4: The left gure shows the model distribution ®Juand and the training
samples (black dots). The blue dots in the right gure intksathe fantasy particles
obtained by CD learning. It is apparent that the fantasy gasdifailed to explain the
whole space by missing the mode at the top.

At every gradient update step, CD learning performs the Géalospling starting from the
training data samples, whereas PCD learning begins the sapnipim the model samples
obtained at the last gradient update. In this way, it is etqueéor the model samples to
explore the modes in the model distribution that are notectoghe training samples.

However, PCD learning still suffers from missing the modeshm model distribution as
learning progresses. It is due to the poor mixing of the Gidn®mpling which produces
the highly-correlated samples for successive gradienatgsd This behavior makes the
approaches based on CD learning to suffer from the divergehttes likelihood (Schulz
et al., 2010; Fischer & Igel, 2010; Desjardins et al., 20&pl,learning is performed with-
out carefully and manually chosen learning heuristics stsdearning rate schedule, weight
decay, and momentum.

Numerous approaches based on CD learning, other than PCIniganave been proposed
recently. For instance, Fast PCD learning proposed by Tete€nHinton (2009) extends
PCD learning by maintaining fast weights that help obtairieger model samples.

2.2.3 Learning based on advanced MCMC sampling methods

Instead of approximating the gradient direction, it is ploiesto apply more sophisticated
MCMC sampling methods other than simple Gibbs sampling.

One alternative to the Gibbs sampling is parallel tempefi) sampling (Earl & Deem,
2005) which was recently proposed as a replacement for Gantopling in training RBMs
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by Desjardins et al. (2010b) and Cho et al. (2010). The detalkscription of PT and
how PT is used for training RBMs is given in Chapter 3 with the expents showing the
superiority of PT learning compared to CD learning.

In addition to PT learning, other approaches based on addad€MC sampling methods
have also been proposed. For instance, stochastic ap@taimprocedure based on tem-
pered transition (Neal, 1994) is one that was proposed tigdey Salakhutdinov (2009b)
that utilizes multiple chains of Gibbs sampling with diffet temperatures. A hybrid Monte
Carlo algorithm (HMC) also has been successful in trainingensophisticated RBMs such
as a factored 3-way RBM (Ranzato et al., 2010) and an energytimagdel (Teh, 2003),
recently.

2.2.4 Other approaches

The approaches presented so far are based on the stoclmgstigimation using MCMC
sampling. However, there exist other approaches for trgiRBMs.

One approach is to approximate the likelihood function with pseudo-likelihood (Be-
sag, 1975), and thus, training RBMs becomes maximizing thedaskkelihood. The log-
pseudo-likelihood function given a data $etg), is de ned as

1 XX .
fe( )= logP (v} j vii);
t=1 i=1
wherex,, denotes a vectdk; TXi 10 Xis1 ) :Xq]" as before. The hidden neurons can
be explicitly summed out by Equation (2.8)

The maximum pseudo-likelihood (MPL) learning approximiiie joint probability distri-
bution of RBM with the product of one-dimensional probabildistributions. Although
it removes the necessity of computing the intractable nbzmg constant, MPL learning
tends not to work well neither with RBMs nor BMs (Marlin et al.,18) Salakhutdinov,
2009Db), as it does not approximate the maximum likelihodohegor (MLE) well except
for some extreme cases (Geyer, 1991).

Another approach, ratio matching (RM) was recently propdse#iyvarinen (2007). In-
stead of the likelihood, RM considers ratios of probabiti€he data ratio which is de ned
by the ratio between the probability of a given observatiod the probability of the obser-
vation vector with one variable ipped as in Equation (2.12), and the model ratio is the
same ratio under the model distribution. RM learning triefotoe the data and model ratio
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as close as possible.

RM is bene cial as the ratio does not require the computatioie normalizing constant,
as

P(v) _ P (v).
I:)(V:i) - P (V:i),

(2.12)

wherev. ; is equivalent tosr with thei-th component ipped.

Additionally, recently proposed generalized score maigliiLyu, 2009) can be used to train
RBMs.

These approaches have been compared to each other and todh&stic approximation

by Marlin et al. (2010). However, these learning methodgesufom the computational

complexity when the dimensionality of the observationsargé, and they do not show sig-
ni cantimprovement over the stochastic approximationdshsn MCMC sampling. Hence,

this thesis only considers stochastic gradient-basedodetiing MCMC sampling.

2.3 Evaluating Restricted Boltzmann Machines

2.3.1 Likelihood and Annealed Importance Sampling

A natural way to assess the performance of a trained RBM is tquaterthe likelihood
of the model and the probabilities of test data samples utidetrained RBM. Also, as
will be discussed in Chapter 3 and was shown in the author'smp@iho et al., 2010), the
probability of the random data samples also can be used assuneeof the goodness of
RBMs.

Due to the structural restriction, explicitly summing dug hidden neurons is fairly straight-
forward (see Equation (2.8),) however, unfortunately cotimg the probability of an ob-
servation is still intractable due to the normalizing canst The normalizing constant can
only be computed exactly by summing exponentially many seramd unless the dimen-
sionality of the data set is very small, it is simply impo$sibThus, instead of exactly
computing it, an approximate method must be employed.

For estimating the normalizing constant, this thesis wse®aled importance sampling
(AIS) (Neal, 1998) which has been successfully employectéonputing the normalizing
constant of RBM (Salakhutdinov, 2009b).

AIS is based orsimple importance samplings1S) method that could estimate the ratio
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of two normalizing constants. For two probability densti® (x) = Pg—ix) andPg (x) =

ngx) , the ratio of two normalizing constanfs, andZg can be estimated by a Monte Carlo

sampling method without any bias if it is possible to sampbafP( ):

Zy _ Pe(x) 1% Py(x).
Zn Pa(X) M i=1 Pa(xi)’

(2.13)

wherex; are samples frorR, (x). The quality of the approximation in terms of the variance
depends highly on how close, () andPg () are. IfPA( ) is not near-perfect approxima-
tion to Pg, then the variance of the estimate can be as large as in nity.

Based on SIS, AIS estimates the normalizing constant of theehdbstribution by comput-
ing the ratio of the normalizing constants of consecutiterimediate distributions ranging
from so-called base distribution and the target distrdoutiThe base distribution is chosen
such that its normalizing constafiy can be computed exactly and it is possible to collect
independent samples from it. A natural choice of the badelalision for RBM is RBM
with zero weightdV . This yields the normalizing constant

Y Y
Zo= (l+expfhg) (L+expfgo);

[ j
where indices andj go through all the visible and hidden neurons, respectively

By computing the product of the estimated ratios of the inegtiaite normalizing constants
andZ,, the normalizing constant of the target RBM can be estimatéx algorithm im-
plementing AIS is outlined in Algorithm 2.

The presented algorithm describes constructing interate&BMs following what Salakhut-
dinov (2009a) proposed. The base distribution is represeloy RBM with zero weights,
but biases that are identical to those of the target RBM. Howyéwshould be noticed that
there are other possibilities for constructing intermegdistributions and choosing a base
distribution. For instance, in the following chapters, Hase distribution is an RBM with
both zero weights and zero biases such that there is no needdb intermediate RBM to
maintain twice as many hidden neurons as the target RBM has.

2.3.2 Classi cation accuracy and other measures

It is evident from the previously mentioned research papgiliging deep neural networks
built from the stack of RBMs (Salakhutdinov, 2009b; Hinton &&dutdinov, 2006) that
the hidden activation probabilities of RBM trained on the dagtcould improve the classi-
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Algorithm 2 Estimating the normalizing constant by annealed impodaampling
Create a sequence of temperatufgsuch thaD = To < T < <Tk =1.
Create a base RBR with parametersq = (W q; b; c), whereW 3 = 0.
Create a sequence of intermediate RBR{ssuch that
It has twice as many hidden nodes as the target RBM has.
Parametersare, = ([(1 Ty )Wo TKW1;[(1  Ty)bo Tkb]; (1 Te)c) Tkc' Y
form=1 M do
Samplex; from Ry.
fork=1 K 1do
Samplexy.; from Ry by one-step Gibbs sampling starting from

end for Q
Setuy, = Ezl %, whereP, (') is an unnormalized marginal distribution func-
tion of Ry.

end for

: ., P
The estimate of< is & M_; Un.

cation accuracy compared to classifying the data set baseis raw features. However,
these approaches often require the discriminative nenmhich destroys the generative
structure of RBM .

Fortunately, recent papers suggest that the hidden aotivatobabilities of RBM which

was trained in a unsupervised manner also help the clasgircgask. Krizhevsky (2009)
successfully used a Gaussian-Bernoulli RBM to extract featioen images that help ob-
taining high classi cation accuracy. Also, more sophiated forms of RBM introduced
recently (Ranzato & Hinton, 2010; Ranzato et al., 2010; Osmd&eHinton, 2008) were

shown to be able to extract features that are more usefuhéoclassi cation task.

Furthermore, Coates et al. (2010) showed that featurescéatray the probabilistic mod-
els learned in an unsupervised way outperforms the sugehasunter-parts such as con-
volutional neural networks (LeCun et al., 1998) and convohal deep belief network
(Krizhevsky, 2010).

Thus, it is sensible to use the classi cation accuracy ofttamed RBM as a performance
measure.

Additionally, thanks to its bipartite structure and thedayvise Gibbs sampling, the recon-
struction error could also be used as a measure for the peafare assessment (Hinton,
2010). A reconstruction error is de ned as

E(x) = kx  X1ko;

wherex is a sample fronp(x j hg; ), andhg is a sample fronp(h j x; ). A simple
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Figure 2.5: Examples of reconstruction errors for RBM with h@@len neurons applied
to MNIST handwritten digits. The gure shows randomly seéetsample digits (a) and
their reconstructions (b-d). The reconstruction erférsn the whole test data set are
shown inside the brackets. Reconstructions are shown usengctivation probabilities
rather than the actual activations which are the samplésatetl based on the activation
probabilities.

example of how reconstruction error decreases duringitigis given in Figure 2.5.

However, these measures are not directly re ecting thequadity of RBM , since training
neither maximizes nor minimizes any of these measures. efdrey; for the rest of this
thesis, the experiments mostly assess the trained RBM bykislénthod of the model and
the probabilities of the test samples given the model.

2.3.3 Directly visualizing and inspecting parameters

Lastly, one way to analyze the quality of a trained model isotik at the features (the
weightsw; ) and the bias termg corresponding to different hidden neurons of the trained
RBM. It especially helps when training data samples consishafjes that can be readily
visualized.

For instance, features of RBM trained on handwritten digitstwa visualized as shown in
Figure 2.6. Each feature, or lter, resembles a part of digir a combination of parts of
digits. When learning fails, it is easy to observe degendesttures that are noisy global
features.

In case of hidden biases, the values itself suggest whe#woér ledden neuron contributes
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to the modeling capacity of RBM . Neurons that have a large §iase most of the time
active, and they are not very useful, as the weights assakciatthem can be incorporated
into the bias ternb. On the other hand, hidden neurons that are mostly inactigg, (with
large negative biases) or whose activations are independent of data are alsogssels
the learning capacity of the RBM does not change even if theyesmeved.

Like other indirect measures presented previously, thealization and inspection of pa-
rameter values must be performed carefully. There is noctifsaeemeasure for the quality
of the visualized features, and the visualized featurestladdalues of biases may evolve
slowly over training.

2.4 Dif culties and conventional remedies

2.4.1 High variance in resulting RBMs and divergence

The fact that the target function cannot be computed exdatiyng learning makes training
RBMs dif cult. It is computational infeasible to tell when tHearning has converged, or
even it is not easy to tell whether the learning is actuallygeming. Furthermore, it is not
possible to use any advanced gradient method such as rear-tonjugate gradient.

Since learning is performed using stochastic gradient i&sdé converges to a local solu-
tion. The problem is that it is not feasible to compare thé&dgnt solutions analytically,
and choose the best one among them. Schulz et al. (2010) sdgeFi& Igel (2010) re-
cently showed that depending on the initialization and #aerling parameters the resulting
RBMs vary highly even on the small toy data sets.

More problematically, most approximate approaches ptedeim the previous sections
have been shown to diverge, if the learning parameters werehosen appropriately (Des-
jardins et al., 2010b; Schulz et al., 2010; Fischer & Igel,l@0 The use of a better MCMC
sampling method, e.g. parallel tempering, has been shovietter avoid the diverging
behavior, but in a long run without using the appropriateriew rate scheduling, the log-
likelihood uctuates highly (Desjardins et al., 2010b, 2)@vhich is not desirable.

2.4.2 Existence of possibly meaningless hidden neurons

It has been shown that RBM is a universal approximator so titatemough number of hid-
den neurons it can model any discrete-valued probabilgtridution (Le Roux & Bengio,

19



2008).

However, in practice, the number of hidden neurons is aMiayi$ed, and depending on
learning procedures, not all hidden neurons contributenéorepresentational power of
RBM .

For instance, those hidden neurons that are always acéve@aningless, since the weights
associated to them can be incorporated into bias terms, &fschidden neuron that is inac-

tive always is meaningless, since then, the removal of ttiégm neuron does not affect the
modeling capacity of RBM at all (see Section 2.3.3 for detailsletermining meaningless

hidden neurons.)

Ideally, each hidden neuron should represent a distincafnmgful” feature, for example,
a typical part of the image. We have noticed, however, that géen the hidden neurons
tend to learn features that resemble the visible bias termhis effect is more prominent
at the initial stage of learning and for data set in whichhlesibits are mostly active, such
as 1-MNIST where each bit of MNIST handwritten data set wapdd.

Figure 2.6(b) presents an example how RBM can be ill-trainednathe learning param-
eters were not carefully chosen and the training samples dense in a sense that the
number of ones in each training sample is much more than tlzatros. The RBM with 36
hidden neurons were learned on 1-MNIST which is a very deas® st compared to the
original MNIST.

18 hidden neurons were not able to learn any useful featanesthey are mostly inactive.
The other 18 neurons are mostly active, and as anticipa¢adnéd global features that
somewhat resemble the visible bias.

Even when the training data samples are not dense, with ta# somber of hidden neu-
rons, inappropriate choice of learning parameters, anupircgoriate choice of initialization
of the parameters, many hidden neurons will be useless. iBoalization of the lIters
learned by RBM with 36 hidden neurons trained on MNIST with teastant learning
rate0:1 and the initial weights sampled from the uniform distribatibetween 1 andlis
shown in Figure 2.6(a). In the gure, about 20 neurons out®h&urons look as if they
learned some useful features. However, there still existdimeurons that are either mostly
active or mostly inactive.

2.4.3 Conventional remedies

There is a number of well-known heuristics that are knowniétdybetter training results:
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(@) MNIST (b) 1-MNIST
Figure 2.6: Visualization of lters learned by RBMs with 36 klieih neurons on MNIST
and 1-MNIST after 5 epochs using traditional learning altons.

1) Learning rate schedulingDue to its stochastic nature (when only part of data, i.@imi
batch, is used to compute the gradient), the gradient dademato approach zero. There-
fore, the learning rate is typically forced towards zerdatend of training. However, if the
learning rate is annealed too quickly, then the RBM will notteanything, but only stay
in the plateau of the learning space where most of the wegiaysclose to zero.

2) Weight decayrior regularizes the inde nite growth of the norm of the gareters, which
sometimes happens in practice. This yields the followindaig rules:

Wij Wi + h(ihjipo hxihjipn Wi

3) Momentumis used to smoothen the gradients yielding a modi ed updalts r
wi w3 )t w1

wherer , + andr ,, ; 1 are the gradients computed at the current and previousidesa
andO < 1is a momentum parameter.

4) In order to avoid having meaningless hidden neuronsethave been attempts spar-
sify the activations of the hidden neurons (Hinton, 2010; Led.e2808). The sparsity
can be achieved by adding a regularization term that pessaizdeviation of the expected
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activation from a xed levep:
X . . .2
jp h hj|P0] :
j

where denotes a degree of regularization.

The proposed heuristics are known to help in many practigpli@ations. However, they
all introduce extra parameters which should be selecteg earefully. Good values of
these parameters are typically found by trial and error aseldms that one requires a lot of
experience to set the learning settings right (Hinton, 20TBe stochastic gradient learning
of RBM can easily diverge even when the proposed heuristicsiged, if the associated
parameters are not chosen carefully (Schulz et al., 2058hEr & Igel, 2010).
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Chapter 3
Parallel Tempering Learning

While contrastive divergence learning has been considered @ent way to learn RBM

, it has a drawback due to a biased approximation in the legrgiadient. This chapter
proposes to use an advanced Monte Carlo method called paeafipering instead, and
shows experimentally that it works ef ciently. A part of theork described in this chapter
was reported in the author's paper (Cho et al., 2010).

3.1 Parallel Tempering and Restricted Boltzmann Machines

Training RBMs using the stochastic gradient updates requivasit must be possible
to ef ciently sample from the data distributioR(h j v; ) and the model distribution
P(v;h j ). Thanks to the simple structure and formulation of BM and RBM ,ilab&
sampling is enough to obtain the samples. However, its giefhcy led to the contrastive
divergence (CD) learning and its variants which do not foltberexact gradient, but rather,
approximate the exact gradient. Its nature of simplicitgg aamputational ef ciency made
the CD learning huge success in training RBMs, but still the Cinieg has disadvantages.
For more detailed discussion on the topic, Chapter 2 shoutdfeered.

A problem that has not been addressed neither by Gibbs segnpdir by CD learning is
that the samples generated during the negative phase denubtct explain the whole state
space. This section, therefore, proposes to use anothesvsgpvariant of Markov-Chain
Monte Carlo sampling method call@arallel tempering PT).
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3.1.1 Parallel Tempering

The introduction of PT sampling goes back to 1980s when Ssem& Wang (1986) intro-
duced a replica Monte Carlo simulation and applied it to theglsnodel which is equiva-
lent to a Boltzmann machine with only visible neurons. ThdicegMonte Carlo simulation
proposed to simulate multiple copies of particles (replwah different temperature con-
currently rather than simulating them sequentially. Saniy, Geyer (1991) later presented
applying parallel chaining of MCMC sampling based on #ipeedof mixing of samples
across parallel chains to the maximum likelihood estimator

Afterward, there have been many approaches of applyindl@tempering to other elds.
Those elds include the simulations of polymers, protesns] states of solid materials, and
even, studies of phase transitions at the quantum levelsndoe applications, see Earl &
Deem, 2005).

In the rest of this section, PT sampling having multiple Gisampling chains with varying
levels of temperatures used to obtgopdsamples from the state space is brie y discussed.

The basic idea of PT sampling is that samples are collected fultiple chains of Gibbs

sampling with different temperaturfesThe termtemperaturein this context denotes the
level of the energy of the overall system. The higher the &napire of the chain, the more
likely the samples collected by Gibbs sampling move freely.

For every pair of collected samples from two distinct chathe swap probability is com-
puted, and the samples are swapped according to the pritypalile swap probability of a
pair of samples is formulated according to the Metropolis (see, e.g., Mackay, 2002) as

. PTl (XTZ) PTz (XTl)

’ PTl (XTl)PTZ (XTz) , (31)

PswadXt,;Xt,) =min 1

whereT; andT, denote the temperatures of the two chains,afdndx, denote samples
collected from the two chains.

After each round of sampling and swapping, the sample atrtreetemperaturd = 1
is gathered as the sample for the iteration. The samples é@methe true distribution ,
P(v;hj )incase of RBMs, assuming that enough iterations are run todmthe effect
of the initialization.

It must be noted that the Gibbs sampling chain with the higieasperature = 0) is never

1Since the lower value denotes the higher temperature, a iterense temperatureBom the highest
temperaturel = 0 to the current temperature = 1 is frequently used, but in this thesiemperature
will be used.
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multi-modal such that all the neurons are mutually indepandnd likely to be active with
probability . So, the samples from the chain are less prone to missing swdes. From
the chain with the highest temperature to the lowest tentyerasamples from each chain
become more and more likely to follow the target model distion. How PT sampling
could avoid being trapped into a single mode is illustrateBigure 3.1.

Figure 3.1: lllustration of how PT sampling could avoid kgetrapped in a single mode.
The red, purple, and blue curves and dots indicate distoibsitand the samples from
the distributions with the high, medium, and cold tempaegurespectively. Each black
line indicates a single sampling step.

This nature of swapping samples between the different testyres enables better mixing
of samples from different modes with much less number of $asnghan that would have
been required if Gibbs sampling was used.

3.1.2 Parallel Tempering Learning

PT sampling in training RBMs can be simply uses as a replaceaidbibbs sampling in
the negative phase. This method is, from now on, referres t8Talearning. Due to the
previously mentioned characteristics, it is expected thatsamples collected during the
negative phase would explain the model distribution be#ted that the learning process
would be successful even with a smaller number of samplestti@se required if Gibbs
sampling is used.

A brief description of how PT sampling can be carried out for RBsIgiven in Algorithm
3. This is the procedure that is run between each parameteteiguring learning.
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Algorithm 3 PT sampling steps for an RBM
Create a sequence of RBMRg; Ry; Rk ) such that parameters & are =
(TkW;ka;TkC),WhereO To<T;< <Tg =1.
Create an empty set of sampbkés= fg.
Setxo = (Xo:0; ; Xk:0) such that everxy.q is a uniformly distributed random vector
(or use old ones from the previous epoch).
form=1 M do
Samplexy, = (Xom; ; Xk:m ) from the sequence of RBMs such tixat, is sampled
by one-step Gibbs sampling starting fromm, .
forj =2 K do
Swapx;m andx; 1., according tPswagdXjm ;X; 1,m) computed using (3.1).
end for
Add XK:m toX .
end for
X is the set of samples collected by parallel tempering sagpli

3.2 Experiments

Two different sets of experiments were made. The goal of teeset of experiments was
to test the capability of RBMs to capture the data distributi®@amples were generated
from the RBM trained on the OptDigits data set. The data set waqsiged from the UCI
Machine Learning Repository (Asuncion & Newman, 2007) araitsisted of handwritten
digits of the sizeB 8 pixels. The samples were collected by parallel temperingpag
starting from a randomly drawn state. Most of the samplegweéserved to resemble the
digits regardless of the initial state.

The second set of experiments was conducted in order to gentpa performance of
RBMs depending on two different learning methods: CD learnimdylaarning using sam-
pling with PT. The performance was evaluated by the estithigtelihood of the training
data set and the estimated probability of the test data s#t,domputed by annealed im-
portance sampling (AIS).

Furthermore, in the second experiment the probability ofoumly randomly generated
data is computed for the current RBM model. The goal was to ebsepotential problem
of CD learning that the samples generated during the negali@se do not represent the
state space as well as the samples generated by PT sampliraglyprepresent the region
centered around the training samples (Bengio, 2009). THeapitity of random data was
computed for different learning methods and compared.

2We assume that uniformly drawn samples do not lie close tdrtieing data because the size of the
training data set is much smaller than the size of the stateeswhich i2%4.
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(b) Visualization of hidden nodes (CD1) (c) Visualization of hidden nodes (PT)

Figure 3.2: Training data set and visualization of hiddede®o (a): 10 training samples
where for each digit one sample was randomly chosen. (b}tje)weights associated
with nine randomly chosen hidden neurons.

3.2.1 Generating samples from a trained restricted Boltzmann ma-
chine

RBMs were constructed such that there are 64 visible neurcthsd @@ hidden neurons.
Each RBM was trained with 3822 training sample8 of8 handwritten digits. The original
OptDigits data set provides 17-level greyscale digits fwusimplicity the intensity of each
pixel was rounded so that the intensity less than 8 becameddl(atherwise).

Each RBM was trained separately by CD learning witk 1 and learning with PT sam-
pling. PT sampling was done witk = 20 temperature3, =0, T; = 0:05;:::; T, = 1.
The models represented by the RBMs are named CD1 and PT, respediach gradient
update was done in the full-batch style so that all the tngrsiamples were used. CD1 and
PT were trained fo2000epochs, and the learning ratestarted from0:05 and gradually
decreased following the search-then-converge schedsltlioly that the learning ratét) at
thet-th update is

where (0) = 0:05for both the weight and the bias, atyl= 300 for both CD1 and PT.

Figure 3.2 shows the training data samples and the vistializaf the hidden nodes after
training. The visualization of the hidden node was done spldying the weights associ-
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Figure 3.3: Samples generated by parallel tempering samqfiom the RBM trained
with (a) CD1 and (b) PT started from the random sample. Thedigits of both gures
are the random initial samples.

ated with the node as a grey-scale digit. It can be obsena@#th hidden node represents
a distinct feature.

Figure 3.3 shows the activation probabilities for the Misibeurons of the generated sam-
ples from the models learned with CD1 and PT. The digits in there are 19 samples
chosen out of 2000 samples collected by PT sampling staitomy the random sample.
Each consecutive samples are separated by 100 samplirsy atepthe rst digit in both
gures of Figure 3.3 represents the random initial sampliés tlear that the trained RBM
is able to generate digits which look similar to the traindaja regardless of the training
methods.

3.2.2 Comparison between CD learning and PT learning

For the second experiment, RBMs with 100 hidden neurons weirestt using four learning
algorithms: CD1, CD5, CD25 and PT, where €lenotes CD learning witin Gibbs
sampling steps per gradient update.

The parameter& andM of parallel tempering were chosen so that the number of total
Gibbs sampling steps during one gradient update matchesft@®1 which uses as many
samples as the number of the training data samples. PT veasfdhe, trained witkk = 20
temperatures anbll = 192 samples per gradient update. This choice is reasonablein th
sense that the difference in CD learning and learning with&mping only depends on the
number of Gibbs sampling steps, whereas the computatiasalof additional operations
may vary largely depending on the implementation.
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Figure 3.4: Average probabilities of test data against ttoegssor time. The dashed
line indicates the initial log-likelihood. The numbers dénthe number of epochs after
which the value was measured.

Each RBM was trained for 635 epochs and the probabilities df training and test data
were estimated50 AIS runs with5000temperatures were averaged to obtain the estimate
of the normalizing constants. All the models were trainediB@s and the averaged per-
formance indices were calculated.

Figure 3.4 and Figure 3.5 show that the probability of the ded¢a and the likelihood of
the model increase, while the probability of the random ditereases over the gradient
updates. This is consistent with the fact that the gradientimizes the likelihood accord-
ing to the distribution of the training data. Figure 3.6 cons that the probability of the
unseen samples that are not close to any training samplersased.

However, the rate of the changes in the likelihood and théatsdity of the test data over

updates differs from one model to another. PT achieves tieekt average likelihood and
the highest average probability of the test data, and atdheegime achieves the lowest
probability of the random data at the fastest rate. It carultaér observed that PT learning
is computationally more favorable than CD25 and comparab{&l1.

Figure 3.7 shows the average probability of the test datars#the random data set by 30
independent trials. These results con rm that PT indeedezels the highest probability of

the test data set and the lowest probability of the randorma skett 1t should be, however,

noted that the variance of PT is greater than those of both @D L®25.
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Figure 3.5: Average log-likelihood of the model againstpihecessor time. The dashed
line indicates the initial log-probability of test data. @humbers denote the number of
epochs after which the value was measured.

The increase afi in CD learning certainly boosts up the rate of the increaseariikelihood
as a function of learning epochs, but even with 25 CD learning cannot achieve as large
likelihood as PT does. CD learning with= 25 is much more computationally demanding
than PT. This result indicates that the use of the advanceglsay technique can yield
faster and better training of RBMs.

3.3 Practical Consideration

Although the experiments showed that gathering enough eruwitsamples from a single
PT sampling chain consisting of multiple parallel Gibbs pang chain is suf cient to train
RBMs, PT learning showed its weakness evidenced by the laripgnea of the resulting
RBMs with different initializations.

In order to reduce the high variabilities in training RBMs, R@ining can borrow the idea
from CD and PCD learning introduced in Chapter 2 such that thexemaltiple sets of
multiple Gibbs sampling chains starting from the trainiagngles in the initial minibatch,
or full-batch. For each update,steps of PT sampling is performed starting from the model
samples obtained in the previous update. For evegy, updates, the swapping of the
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Figure 3.6: Average probabilities of random data agairesptiocessor time. The dashed
line indicates the initial log-probability of random dafehe numbers denote the number
of epochs after which the value was measured.

samples can be performed, whexg.,is a small positive integér

Although the experimental results with this modi catiorearot presented in this chapter,
it is clear from the experiments in Chapter 4 and Chapter 5 tleawariance is reduced
signi cantly when the modi cation is employed.

3.4 Conclusions

This chapter proposed an alternative approach which esilgarallel tempering for training
RBMs. This approach does not sacri ce the optimality of theediion of the gradient,
as CD learning does, but reduces the computational cost bgoinmg the quality of the
samples.

Two separate experiments were done for (1) con rming theabdjpy of RBM to capture
the data distribution and (2) showing that RBM trained by theppsed PT approach is
superior to that trained by the conventional CD learning. fOinmer experiment con rmed
that RBM trained by either CD learning or learning with PT samgplis able to generate
samples resembling the training data. The second experitnerrmed that the use of the
proposed PT approach can result in a more accurate RBM. Asarpenfice measure, the

3This practical modi cation is mathematically justi ed byotines (1989).
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Figure 3.7: Left: Box plots of probabilities of test data a885 epochs over 30 repeated
runs. Right: Box plots of probabilities of random data over 8peated runs. For

probability values, the red line inside the box denotes tledian, the edges of the box
are 25-th and 75-th percentiles, and the whiskers are estetadthe extreme value not
considering possible outliers.

log-likelihood estimated using AlIS was used.

Learning with PT sampling was superior in all aspects of tk@geamental results. We
observed higher likelihood computed on the training data ligher probability of the
test data. The increase of the likelihood over the gradipadates was also faster. The
probability of random samples by PT sampling was less thgrotiver model trained with
CD learning. This con rmed the existence of the potentialljpeon of CD learning that
the samples generated by CD learning during the negativeetaeot represent the state
space well and fail to decrease the probabilities over tge@ns which are far from the
training data. At the same time, the computational complefithe gradient update by PT
sampling was comparable to that of CD learning.

Recently, the use of PT learning for RBMs has been proposed endiepntly also by Des-
jardins et al. (2010b). Desjardins et al. (2010b) illusicathe possible explanations why
PT learning performs better than CD learning, and presehteexperimental results show-
ing the superiority of PT learning. This chapter essentisttiowed the similar results, and
additionally showed that PT learning could be as ef cientCd3 learning in terms of the
computational complexity.

Additionally, Desjardins et al. (2010a) proposed an adaptiethod for maintaining the op-
timal distributions with different temperatures. The nugtlshows its superiority compared
to PCD learning and PT learning with the xed con guration ehtperatures. However, the
computational cost of the method is higher than maintaitineg xed number of tempered

distributions.
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Chapter 4

Enhanced Gradient and Adaptive
Learning Rate

In this chapter, a new training algorithm which addressegiihculties of training RBMs
discussed in Chapter 2 is proposed. The proposed improvenmeiide an adaptive learn-
ing rate and a new enhanced gradient estimate. The adaptalt&éofor the learning rate is
derived from maximizing a local approximation of the likedod. The enhanced gradient
is designed such that it does not contain the terms whici afigract learning using the
traditional gradient. The new gradient is also invariartti® data representation.

Extensive experiments comparing the conventional legralgorithms with the proposed
one are presented at the end of the chapter. The experimanthel MNIST handwritten
digits data set (LeCun et al., 1998) and the Caltech 101 Sittesidata set (Marlin et al.,
2010) as benchmark problems.

As discussed previously in Chapter 2, the data set 1-MNISThasvk to be more dif cult
to learn, and the chapter gives an explanation fot this effEtee empirical results suggest
that the new learning rules can avoid many dif culties inrtirag RBMs including learning
dense data sets.

4.1 Adaptive Learning Rate

Here an algorithm for automatically adapting the learniaig while training RBMs using
stochastic gradient is proposed. The automatic adapteafitme learning rate is based on
maximizing the local estimate of the likelihood.
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Algorithm 4 Adaptive Learning Rate

Input: parameters = (W ;b;c)

previous learning ratey

gradientsG = (r w;r p;r ¢)

data sampleX 4

model sampleX ,

Prepare a set of candidate learning r&ledased on .

for inC do
Compute a candidate modelby (2.9) — (2.11).
Compute a local likelihoo® o(vy) in (4.1)

end for

~=argmax c.

Output: learning rate~

Let = (W:b;c) be the current model,® = (W2%b®%c9 is the updated model with
some learning rateandP (v) = P (v)=Z isthe probabilistic density function (pdf) with
normalizing constar for the model with parameters Assuming that the learning rate
is small enough and therefore the two models are close toatheh, the likelihood of °
can be computed as in SIS using (2.13):

Po(va) Z _ Po(va) P ov) 1; 4.1)

z
P = I
V)= =277 W .

wherev 4 denotes the training data.

Now a learning rate is selected so as to maximize the liketihof the new parameters

° Equation (4.1) can be used to approximate the requiretHid@d. The unnormalized
pdf P o is computed using the training samples and (2.8), and theatafionh i, can be
estimated using the samples frdn, like in SIS. These samples are collected in order to
estimate the negative term in the gradients and therefanpuabng this expectation can be
done practically for freé.

The pseudo-code for the adaptive learning rate is providédgorithm 4.

In principle, one could nd the optimal learning rate thatxmaizes the local estimate of
the likelihood on each iteration. However, this would liké#ad to large uctuations of the
learning rate because of the small sample size of the michbdn our experiments, the
new learning rate was selected fromthefgét )2 o;(1 ) o; oA+ ) o;(1+ )? o0,
where g is the previous learning rate ands a small constant.

1The experiments showed that if the same samples were uskddsadbtaining the gradients and the
adaptive learning rate, learning rate uctuated too muchase of PT learning and diverged in case of CD
learning. Hence, in practice, it is advised to use sampten the next mini-batch.
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4.2 Enhanced Gradient

In this section, a new gradient is proposed to be used insie4d.9)-(2.11). Let the
covariance between two variables under distribufobe de ned as:

Covp (Vi;hj) = h/ihjip h Vii H]jip :
Then, the standard gradient (2.9) can be rewritten as
r Wi :COVd(Vi;hj) COVm(Vi;hj)+ h/iidmr q+mjidmr b; (42)

wherer ¢ andr b are the gradients de ned in (2.10)—(2.11) @ni},, = 2 hiz+ hiis
the average activity of neuron under the data and modelllisons.

The standard gradient (4.2) has several potential probldre gradients with respect to
the weights contain the terms that point to the same dine@sthe gradient with respect
to the bias terms (and vice versa). This effect is promindmmthere are many neurons
which are mainly active, that is for whidix;i , .~ 1. These terms can distract learning of
meaningful weights, which often leads to the case when manyams try to learn features
resembling the bias terms, as shown in Figure 2.6(b). W@y, O for most of the
neurons, this effect can be negligible, which might explainy learning 1-MNIST is more
dif cult than MNIST and partially explain why sparse Boltzma machines discussed in
Section 2.4.3, have been successful.

A related problem is that the update using (4.2) is diffedagending on the data represen-
tation. This can be shown by using transformations whereesafithe binary units of RBM
are ipped such that zeros become ones and vice versa:

¥ = X (1 x)'*; £, 2f0;1g; (4.3)

wherex, can be either a visible or a hidden neuron. The parametetfearne transformed
accordingly to™:

W :( 1)fi+fjWij ; (44)
X

h =( 1)fi b + fjWij ; (45)
X

g = ( 1)f G + fiwg (4.6)
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such that the resulting RBM has an equivalent energy functiat,isE(x | ©) = E(X ]
)+ const for allx. Details on obtaining the transformations are describépimendix B.1.

When a model is transformed, updated, and transformed Waekesulting model depends
on the transformationfs,:
h [
Wij Wij + h‘/ihjid hVihjim fi H’ljid hhjim fj (h‘/iid hViim)
h

=w; + Covg(vi;hj) Covp(vi;hy) _
i

+(hvig, fi)rg+ My, f;j ri (4.7)
h X [

b h+ r b fj (r Wij fier fjr b) (48)
h X i

G G+ rg fi(rw; firg fjrh); (4.9)

wherer are the gradients de ned in Egs. (2.9)—(2.11). More detailghe derivations
are provided in Appendix B.2.

There are, thug"v* " different update rules de ned by different combinationgfaryf ,
k=1;:::;n,+ny, wheren,, n, are the number of visible and hidden neurons, respectively.
All the update rules are well-founded maximum likelihoodlafes to the original model.

The new gradient is, then, proposed to be a weighted sum @f'thé» gradients with the
following weights:

e CoD fu
i g, (3 D X ) : (4.10)
k=1

By using these weights the new gradient prefers sparse datasentations for which
iy, Obecause the corresponding models get larger weights.

The proposed weighted sum yields the enhanced gradient

rw; = Covq(vi;hy) §:<ovm (vi;hy) (4.12)

Ip'h = h‘/iid h Viim rhjidmr”wij (412)
X

g = I’hjid h hjim h\/iidmr'Wij; (4.13)

in which, by the choice of the weights (4.10), the effect af thias gradients in w; is
canceled out completely. In Appendix B.3, detailed derovation how the weighted sums
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Figure 4.1: 100 randomly chosen samples from MNIST data set.

are computed are provided.

The new rules are invariant to the bit- ipping transfornuats. One can note that the en-
hanced gradient shares all zeroes with the traditionaligmad

In Figures 4.2—4.3, some experimental analysis of the meggradient is presented. Fig-
ure 4.2 shows the norms of the gradient for the weights of the RBM361 hidden neurons
trained on MNIST data set (see Figure 4.1 for examples of &shdt is clear that the ad-
ditional terms that distract learning dominate in the tiiadal gradient, especially at the
early stage of training.

Figure 4.3 shows the differences in the update directiondifferent neurons of the RBM
trained on MNIST. Each element of a matrix is the absolutaevalf the cosine of the angle
c( ; ) between the update directions for the two neurons, wheredbme of the angle
between two vectors andy is de ned as

xTy .
kxkky k"

o(x;y) =

The gradients obtained by the traditional rule are highlyalated to each other, especially,
at the early stage of learning. On the contrary, the new gradiields update directions
that are close to orthogonal, which allows the neurons tmldestinct features.

4.3 EXxperiments

In this section, the proposed improvements and the trawditizarning algorithms are ex-
perimentally compared. In Sections 4.3.1-4.3.3, RBMs areddson the MNIST data set
(LeCun et al., 1998), and in Section 4.3.4, the Caltech 10Jo&dties data (Marlin et al.,
2010) is used.

All experiments run 20 epochs with a mini-batch size of 12Bss otherwise mentioned.
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Figure 4.2: L2-norms of the gradients for weights whilerthag RBM with 361 hidden
neurons. The blue curve plots the norms of the traditioradiigint, and the green curve
plots the norms of the proposed robust gradient. The norntiseoflifference between
two gradients are drawn with the red curve.
Thus, each RBM was updated about 9,400 times. Both blasewlc were initialized to
all zeros. Weights were randomly initialized such twgt= uwhere is a weight scale
andu s U( 1;1) denotes a sample from the uniform distribution ohto 1. By default,
= 1:p n, + N, was used.

For PT learning, there were 11 different temperatures égsphced fromy = 0 tot;g = 1.
For CD learning, each update performed 1 step of Gibbs sampling. For each setting,
RBMs were independently trained with ve different initiaidons of parameters. After
training, the normalizing constant of each model was eséthasing AlS and the log-
probability of the test data was computed. Each AIS used RBMs parameters; =
(tiW ; tib;tic) and 10,001 equally-spaced temperatures fédml. Each estimate ot ( )
was averaged ovdi00independent AIS runs.

4.3.1 Sensitivity to Learning Rate

In order to demonstrate how the learning rate can greatictffaining results, RBMs with
361 hidden neurons were trained using the traditional gradvith ve different learning
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Figure 4.3: The angles between the update directions favéights of the RBM with 36
hidden neurons. White pixels correspond to small angledeviahack pixels correspond
to orthogonal directions. From left to right: (top) traditial gradient after 26 updates,
traditional gradient after 352 updates, (bottom) enhamgadient after 26 updates, and
enhanced gradient after 352 updates.

ratesf 1; 0:1; 0:01; 0:00%; 0:0001.

The black curves in Figure 4.4(a) show the log-probabilityhe test data obtained with
PT and CD sampling strategies. It is clear that the resulting BBisve huge variance
depending on the choice of the learning rate. Too small iegrrate prevents the RBM
from learning barely anything, whereas too large learnatg often results in models which
are worse than those RBMs trained with proper learning ratesase of using a learning
rate10, the learning failed completely.

In order to test the proposed adaptive learning rate, RBMs 86thhidden neurons were
trained using the traditional gradient and the same ve &sfl; 0:1; 0:01; 0:001 0:0001

to initialize the learning rate. The blue curves in Figuré(d) show the obtained log-
probabilities of the test data. The results are now morelestabd the variance among
the resulting RBMs trained with different initial learningtea is smaller compared to the
results obtained with xed learning rates (the black curvethe same gure). Regardless
of the initial learning rate, all the RBMs were trained quitdiwe

These results suggest that the adaptive learning rate weeks However, it was still
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Figure 4.4: Log-probabilities of test data samples congbafeer 20 epochs for ve runs
with different initializations for different learning r@¢ on MNIST (left) and 1-MNIST
(right). Log-probabilities that do not appear on the plet amaller than 40Q In case
of 1-MNIST, only the results obtained using PT learning drevn.

slightly better to use manually tuned training parametesing the constant learning rate

of 0:1).

Figure 4.5 shows the evolution of the learning rate durirsgriang. Even with very small
initial learning rate, the adaptive learning rate could theé appropriate learning after only
a few hundred updates. Remarkably, the learning rates agmverthe same value when
the enhanced gradient is used.

The red curves in Figure 4.4(a) show the log-probabilitiethe test data obtained with the
new enhanced gradient and the adaptive learning ratelirgithwith ve different values.
Both PT and CD sampling were tried. It is apparent that the es#thgradient improves
the overall learning performance compared to the tradatignadient.

Similar performance was obtained on 1-MNIST which is showirigure 4.4(b). For 1-
MNIST, only PT learning was used for comparing the tradaidearning method and the
proposed one. It is clear that the traditional gradient whth xed learning rate results in
huge variance depending on both the learning rate and tialization of the parametets
On the other hand, the proposed method combining the entigmadient with the adap-
tive learning rate provides the consistent result, regasly. This con rms that the new
enhanced gradient is invariant to data representation.

2A higher log-probability obtained using the traditionadiaing method with the learning rate xed ol
may be due to the failure of AIS (see, Schulz et al., 2010, Xangles of the failure of AIS).
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Figure 4.5: Evolution of the adaptive learning rate from uéferent initializations
during learning. The learning rates are shown as a functidgheonumber of updates.
The RBMs were trained with the traditional gradient (left) ahd enhanced gradient

(right).
4.3.2 RBM as Feature Extractor

In addition to the log-probabilities of the test data, sienlplgistic regression classi ers were
trained on top of the RBMs to check their feature extractindguerance. The activation
probabilities of the hidden neurons were used as the feature

In order not to destroy the already learned structure of the RBddiscriminative ne-
tuning was performed. This explains why the accuraciesrtegan this paper are far from
the state-of-the-art accuracy on MNIST using deep neutalar&s (Salakhutdinov, 2009b;
Ciresan et al., 2010). However, the relative difference enabcuracies between two rules
can be used as a guide for assessing the superiority of tpesed method.

The black curves in Figure 4.6 show high variance of the ctzdson results for the tra-
ditional gradient depending on the chosen learning rate rébults obtained for MNIST
(the left plot) are pretty good although the choice of therieéay does have an effect on
performance. However, the classi cation accuracy obtifte 1-MNIST (the right plot)
is very bad, which proves that 1-MNIST is more dif cult fordening using the traditional
gradient.

The blue curves in Figure 4.6 show that the adaptive leanmratgycan reduce the variance
of the results obtained with the traditional gradient. Hegrethe results were quite signif-
icantly worse for the initial learning rate 1.

The red curves in Figure 4.6 shows the superior performahttee@nhanced gradient and
the adaptive learning rate compared to the traditionaligrad Regardless of the initial
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Figure 4.6: Classi cation accuracy of test data samples adetpafter 20 epochs for
MNIST (left) and 1-MNIST (right). For each initial learningate, the learning was
conducted ve times. The results that do not appear on theupliot were below88%
for MNIST and belowl (% for 1-MNIST. For 1-MNIST, only the results obtained using
PT learning are shown.

learning rate, all the RBMs leaned features which yielded blghsi cation performance.
Note that the results are excellent also for 1-MNIST.

4.3.3 Sensitivity to Weight Initialization

In the next experiment, the sensitivity of training restidtshe scale of the weight initial-
ization is investigated. Small RBMs with 36 hidden neuronsaneained on MNIST using
different scales of the initial weights and varying leammnates. Here, PT sampling was
used to draw model samples from the RBMs.

Figure 4.7(a) visualizes the lters learned by the RBMs usimg traditional gradient with
xed learning rate. It is clear that the results are highlypéedent on the choice of the
training parameters: The combination of the initial weigtdle and the learning rate should
be selected very carefully in order to learn reasonableifeat The combination of learning
rate = 0:1 and weight scale = 0:1 seems to give the best results for the reported
experiments. In practice, an optimal combination of theitrg parameters is usually found
by trial and error, which makes training a laborious procedu

Figure 4.7(b) shows the lters learned using the new gradhen the adaptive learning rate
initialized with ve different values. It is clear that the&tures are much better than the
ones obtained with the traditional gradient. Remarkablyhidolen neuron is either dead
or always active regardless of the scale of the initial wisigind the choice of the initial
learning rate.
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Figure 4.7: Visualization of lters learned by RBMs with 36 klielh neurons on MNIST
with various initial learning rates and initial weights bog. Learning was performed
for 5 epochs each.

43



3NN O Eer @ €<
DAL De+90dN wk Pel
O <& rdw ﬁhvhhHsP
U W L R Y ()
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Figure 4.9: Visualization of weights learned by an RBM with @@idden neurons on
Caltech 101 Silhouettes data set. (Top) 80 lters with largeriorms. (Bottom) 80
lters with small L2-norms.

4.3.4 Caltech 101 Silhouettes

Finally, the proposed learning rules were experimented dte€@a101 Silhouettes data
set (Marlin et al., 2010). Figure 4.8 presents randomly ehasamples from Caltech 101
Silhouettes data set. RBMs with 500, 1000, and 2000 hidderonswrere trained using
the proposed algorithm for 300 epochs with the mini-batezle set to 256. The learning
rate was initialized t®:0001

With the hidden activations obtained from the trained RBMmpde logistic regression
classi ers were trained to check the classi cation accigac

The obtained results are presented in Table 4.1. Remarkdlelglassi cation accuracy
improved by more than 5 % over the best result reported byiMatlal. (2010).

Figure 4.9 shows two sets of 100 Iters of the RBM with 1000 hidaeeurons that have the
largest L2-norms (left) and the least L2-norms (right) pexgively.
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Log-probability | Accuracy (%)

Hidden neurons PT CD PT CD
500 -127.40 -280.91 71.56 68.48
1000 -129.69 -190.8Q0 72.61 70.39
2000 -131.19 -166.72 71.82 71.39

Table 4.1: Log-probabilities and classi cation accuraoné the test data of Caltech 101
Silhouettes after 300 epochs.

4.4 Conclusions

This chapter experimentally showed the dif culties of tismig RBMs discussed previously
in Chapter 2, and then, a new algorithm for training RBMs thatesiks those dif culties
was proposed. It consists of an adaptive learning rate arehbhanced gradient, and is
formulated with well-founded theoretical background. Tineposed algorithm was exper-
imented extensively with RBMs on the MNIST handwritten digitel Caltech 101 Silhou-
ettes data set.

The enhanced gradient helps overcome the problem of havddgi neurons learning
near-identical features. It was able to speed up the ovieralhing signi cantly. Also,
unlike the traditional gradient rules which were dependenthe representation of the data
samples, the enhanced gradient which was derived to beiantdo the representation
could successfully learn very dense data set without angudtiy.

The chapter mainly focused on parallel tempering learning,showed that contrastive
divergence learning is also improved by adopting the pregasiprovements.

Although the theoretical background suggests that thestdbarning rate is well-suited for
learning BMs, the experiments were only done with RBMs and adichhumber of data

sets. It is expected that the proposed learning rule willrowe and ease training more
generalized BMs such as DBMs and fully-connected BMs.

The application of the proposed adaptive learning ratelamdmnhanced gradient in Gaussian-
Bernoulli RBMs will be discussed more in Chapter 5.
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Chapter 5

Restricted Boltzmann Machines for
Continuous Data

The conventional RBM assumed that the state of each neuronasybe.g.f 0; 1g. It seri-
ously limits the application area of RBMs, as many availabta dee real-valued. Although
there have been attempts to use the binary RBM to learn theyakadd data set by scaling
the values td0; 1] and considering each value as a probability (Hinton & Sal&ttinov,
2006), it has not been used widely.

There have been two notable approaches to overcome thistiom, and they both re-
place the binary visible neurons with neurons that folloheottypes of distributions. One
approach adopts Gaussian visible neurons and proposesssi@aBernoulli Restricted
Boltzmann Machine (GBRBM). The other approach replaces theyuisible neuron with
the softmax unit (Salakhutdinov, 2009a). The former is magpropriate for real-valued
continuous data, and the latter for the discrete data wittsithall number of possible states.

This chapter mainly focuses on GBRBMs and proposes a novel roakitbon to them in
order to improve learning. The modi cation is applied to #ergy function of the model
and to the gradient learning rules.

5.1 Gaussian-Bernoulli RBM

Letv = [v;] be real-valued Gaussian neurons with bidses[ ] and variances =1 ].
Identical to the conventional binary RBM, let us assume thel é@dden neuroh; can be
eitherO or 1 and that it has a bias. Then, the energy of GBRBM given the model and the
values for the visible and hidden neurons is traditionayndd as (see e.g. Krizhevsky,
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2009; Salakhutdinov, 2009a)

Xy B2 XX y
Einj )= A wih Y gy (5.1)
i=1 i i=1 j=1 b

Then, the conditional probabilities for each visible andd&n neuron given the others are

derived to be X I
p(vi =vih)= N vib+ ;|  hw; 2 ; (5.2)
j
and !
. . . X Vi
p(h; = 1jv) = sigmoid ¢ + Wi — (5.3)
i i
whereN ( j ; 2) denotes the pdf of the Gaussian distribution with meamnd variance

2 and sigmoi@x) = m

By taking the partial derivative of the log-likelihood fummt which can be derived by
marginalizing out the hidden neurons from the joint probigbdensity of the model with
respect to each parameter, it is possible to obtain the gmadpdate rule. Obtaining the
update rules is similar to that for the original binary RBM as@mitted in this chapter (see
Krizhevsky (2009) for details).

The update rules for the weigh; , the visible biady, the hidden bias; , and the standard
deviation ; are, then,

1 : .
r Wij = — h‘/ihjld h Vihjlm ; (54)
I
1 . .
rbh=—=(viyg hvi,); (5.5)
i
rg=nhyi, hhi_; (5.6)
J(ji* I''m + % + 1
1 2 X 2 X A
roo= ?@ (v h)? i vhw (vi B i vilyw ;
I j d j m
(5.7)

whereh i, represents the expected value over the distribygi@nd d and m are the empir-
ical distribution and the model distribution, respectyel
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5.1.1 Practical considerations

GBRBM , in general, is known to be dif cult to train. This dif cty mainly comes from
learning standard deviations of the visible neurons.

Unlike other parameters suchag, b, andg, the standard deviations are constrained to
be positive. However, with an inappropriate learning r#tés possible for the obtained
gradient update rule to result in a non-positive standawibtion. This leads either to the
in nite energy of the model (in case of = 0) or to the ill-de ned conditional distribution

of the visible neuron (in case of < 0).

Since all gradients other than that of the hidden bias arleddry the standard deviation,
inappropriate learning of it affects learning of other paeters, also. Too rapid decrease
of the standard deviation increases the gradients of thghtseand the visible biases such
that the stochastic gradient learning either diverges nvexges very slowly.

In order to overcome this problem of learning the standakdatiens Krizhevsky (2009)
suggested using a separate learning rate for the standaeadioes which should b&00to
1000times smaller than that of the other parameters. Howevisrjittposes a problem of
how to choose the right learning rate.

There has been a general consensus that it is enough to updateeights and the bi-
ases only, and use xed, possibly unit, standard deviatitdeny impressive results using
GBRBMs without learning standard deviations have been puishcently (Salakhutdi-
nov, 2009b; Mohamed & Hinton, 2010; Krizhevsky, 2009).

Furthermore, instead of sampling from the Gaussian digidh of the visible neurons, the
mean vectors are commonly used as the samples from theassghlon. It is due to the fact
that the standard deviations are not updated, and thusathplas of the visible neurons
are either dominated by the noise or affected only margirajithe standard deviations.

The strategy of no sampling for the visible neurons is pdssgince the stochastic nature of
the Boltzmann machine could be maintained by the stochastiteh neurons only rather
than by both visible and hidden neurons. It could also beghbanalogue to the mean- eld
approximation for the binary RBM (Welling & Hinton, 2002).
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5.2 Improved Learning of Gaussian-Bernoulli RBM

5.2.1 Modied Energy Function

The traditional energy function of GBRBM in Equation (5.1) oduced an unintuitive
conditional distribution of visible neurons described ouations (5.2). The problem comes
from the fact that the noise level de ned by affects the mean of the visible neuron,
and thus, the noise level cannot be considered solely assa,nmit also as a scaling, or
importance, factor for the weights. The role gfas an importance factor can be observed
from the conditional distribution of the hidden neuronsksticat when ; is large, the
contribution of the value of the visible neuron is small, anzk versa.

In other words, ; in the rst term of Equation (5.1) denotes a noise levelpfjiven the
hidden neurons, but the samgin the second term acts as an importance factor for-the
visible neuron.

Furthermore, the update rules for weights and visible Biasdequations (5.4)—(5.5) are
scaled by ;, but with different exponents. This could potentially afféhe gradient update
as ; decreases.

Therefore, a modi ed energy function of GBRBM that addressesthove mentioned prob-
lems is newly de ned as:

v Vi b 2 )QV Xh Vi Xh
(IZ—Z) Wij hj —|2 CJ hj . (58)
i

i=1 j=1 i j=1

E(v;hj )=

i=1

The only difference can be found in the exponent pfn the second term of the energy
function. Instead of using a plain, the modi ed energy function uses a squared

Under the modi ed energy function, the conditional probiieis for each visible and hid-
den neurons given others are

X
p(vi = vjih) = N vjh + hWi; 2 ; (5.9)
i

and !
X Vi
p(hj = 1jv) = sigmoid ¢ +  W; —

(5.10)

Comparing these to (5.2) — (5.3), the obvious change can n@asfrom the conditional
distribution of visible neurorv;, where the standard deviation does not appear in the
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mean of the Gaussian distribution. The conditional distidn of hidden neurot; was
modi ed such that the value of each visible neuron is nowesddly the square of;.

The update rules for the parameters are, then,

r Wij = h/ihjid h Vihjim ; (511)
rh = iz(h/iid hvi); (5.12)
i
rc="hii, hhi_; 5.13
C] Joj* J'm N N N 1( )
1 X X
r ;= —3@ (Vi h)z 2 Vihj Wij (Vi h)z 2 Vihj Wij A ;
i j d i m
(5.14)

where all the symbols follow the convention of those useddi®ning the update rules
based on the traditional energy function.

It is clear to see that the gradients for both weights andMdiases are now scaled iden-
tically by ; 2. Also, all terms in the gradient of, are now scaled equally by *, whereas
the gradient obtained from the conventional energy fundiiemo terms were scaled with the
inverse of a square, and the others were with the inverse ube. c

Learning log-standard deviation

In addition to the proposed modi ed energy function, thists@n proposes to re-parameterize
the variance 2 with an exponentiated new varial#gin the energy function of GBRBM
such that

Xv oy 2 Xv Xn . Xn

E(v;hj )= (V'Z—b) Wi hjil. Gh:

i=1 e i=1 j=1 e i=1
Then, the square of standard deviation of the conditiorsaitidution of each visible neuron
vi is€, andz =log 2. The gradient of; is

O* + * + 1
i oWV LAY oW R
J d ) m

The gradient is now scaled identically to the other pararadig ; 2
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As discussed earlier in this chapter, there have been pppgyssing not to updatg when
training GBRBMs. Krizhevsky (2009) reported that learningngiad deviations of visible
neurons tremendously decreased the reconstructiont evhile also claimed that it made
Iters learned by GBRBM more noisy. Also, Salakhutdinov (20pe&imed that ; would
be xed to a predetermined value in practice. It is, howevet, easy to have a universal
method for determining the appropriate values.

In the experiments that will be presented later in this chigbte effect of learning standard
deviations will be discussed.

5.2.2 Parallel Tempering

Although CD learning can be applied directly to GBRBMs withouwy amodi cation other
than the gradient update rules, parallel tempering legmeeds to be rede ned.

The main problem is that the usual practice of multiplyingreparameter with the tem-
perature, as described in Chapter 3, does not apply in theot&BRBM , because of the
standard deviations.

A naive approach of multiplying; with the temperature results in the base model (which
is the model with the highest temperat@ehaving visible neurons that have zero standard
deviations. On the other hand, if tempering is considerdzktdone on the energy function
such that the energy of GBRBM with its temperattis de ned astk (v; h), the standard
deviation of each visible neuron at the base model apprsaolaty.

In order to overcome this problem, a new scheme for constigithe intermediate tem-
pered GBRBM is proposed such that its parameters are given by

Wi = twy

)=t +@  tm;
¢V =t

M= t2+1 t)s?

whereW; , b andg are the parameters of the model, and the superdggjiptdicates that
they are of the tempered intermediate model with the tentperg respectively.

m; ands? are the mean and the variance of tkta component of the training data samples,

1Refer to Chapter 2 for its de nition.
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and they are de ned by

1 X
m; =

(n).
= — X;
N

i Si="

n=1 n=1

in which xi(”) is thei-th component of tha-th training sample in the training data set
fxMgpL, .

In this proposed scheme, the intermediate model is thetr@Snterpolating the base model
and the current model, and the base model consists of indepeaussian variables that
has the means and variances of the training data samples.

5.2.3 Adaptive Learning Rate

As it was pointed out in Chapter 4, training RBMs is often sewsiid the choice of learning
rate and its scheduling. According to the experiments ofttvithe results will be shown
later in this chapter, GBRBM tends to be more sensitive to théceltban RBM is. Also,
various experiments showed that if the learning rate is nonealed over time approaching
zero, GBRBMs diverges easily after initial convergence.

This problem can be, in practice, easily addressed by higiitihe maximum learning rate.
In all the experiments in the rest of this chapter, the adapédarning rate is limited from
above such that the learning rate is taken toraex(; ).

Additionally to limiting the learning rate from above, a lewbound can also be set. This
possibly prevents the adaptive learning rate from gettingksin the area where the suf -
ciently small neighborhood does not improve the local Ilh@bd estimaté

5.2.4 Enhanced Gradients

The enhanced gradient was proposed in Chapter 4 for imprdoaotig the speed and the
resulting performance, in terms of log-likelihood and teatextracting capability, for the
conventional RBM. The same enhanced gradient can be appl&BRBMs for enhancing
learning, however, with a slight difference in deriving #rghanced rules.

2This strategy can directly be applied to the conventionahby RBM as well, although the experiments
presented in Chapter 4 showed that PT learning with the swapptervalnsyap set to 1 prevents the diver-
gence of the learning rate, which minimizes the need fordtietegy when training binary RBMs.
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Unlike RBM the visible neuron of GBRBM is not binary, but real-vadli It is not possible
to apply the bit- ipping transformation to the visible neur, but only to the hidden neuron.
Hence, a different transformation to which the traditiomadiate rules for GBRBMs are not
invariant can be de ned as follows:

Y =V i

wherey; is a shifted version of original.

Identically to how the gradient update rule for the weigHft®RBM was rewritten, the gra-
dient update rule for the weights of GBRBM can also be rewriten a

rwj =Covqg(vi;hy)  Covin(vishy) + hviig,r ¢ + by rh;

wherer ¢ andr b are the gradients de ned in (5.5)—(5.6) ahdy,, = $hi,+ 3hi,is
the average activity of neuron under the data and modellmistvns. Remarkably, it is
identical to that of the conventional RBM.

In a similar manner, the enhanced gradient rules are oltdopdransforming the energy,
updating the transformed energy, and transforming it batley, then, remain in the same
forms as they were for RBM with both binary visible and hiddennoas.

In the case of standard deviations the enhanced gradient obtained from the shifting
transformation does not change the update rule. The sanaaipde in (5.7) can be used.

5.3 Learning Human Faces

In all experiments, the following settings were used. Wesghere initialized to uniform
random values betweennvjnh . Biaseshy and¢ were initialized to zero and variances

to ones. Adaptive learning rate candidates (see Sectigm#éref0:9; ; 1.1 g, where

is the previous learning rate. In PT learning, there were @ially spaced temperatures
t 2 10;0:05:::;1g, and in CD learning, a single Gibbs step was taken for eachtepda

For images, each pixel was normalized if@pl].

The CBCL data used in the experiment contains 2,429 faces a#h8 Agn-faces as training
set and 472 faces and 23,573 non-faces as test set (MIT Cant&idtogical and Com-

putation Learning). Since the intention of the experimsrtbicheck whether GBRBM can
learn meaningful features of a probabilistic distributiomly the faces from the training
set of the CBCL data were used. A set of randomly chosen sampfasesd are shown in
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Figure 5.1.

Figure 5.1: 40 randomly chosen faces from CBCL data.

5.3.1 Sensitivity to learning rate scheduling

The aim of the rst experiment was to test whether the leagmate scheduling is important
and whether GBRBM is more sensitive to it than the conventiomalrg RBM as discussed
in Section 5.2.3.

The procedure was simply to train a GBRBM with 256 hidden neutsisg both the
traditional gradient and the enhanced gradient with thenleg rate xed to0:001 while
updating both standard deviations and other parameters.diiergence of the GBRBM
was observed by monitoring the reconstruction error.

10" T T T T T T T T 10
—— PT learning, Fixed
—— CD learning, Fixed

—— PT learning, Fixed
—— CD learning, Fixed

10" 1 10'f

2 2
. . . . . . . . 10 . . . . . . . .
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000

10°
Updates Updates
(a) Traditional gradient (b) Enhanced gradient

Figure 5.2: Reconstruction errors obtained by training GBRBNhout using any
learning rate scheduling, but a learning rate xedt001

As can be seen from Figure 5.2 which shows the reconstrueti@rs (see Section 2.3.2
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for the de nition) computed during learning, regardlesdité gradients (either traditional
or enhanced) or the learning methods (either PT learning ole@ining), the learning

diverged after some updates. Out of the expectation, tlotitlaal gradient seems to be
more resilient to the divergence, but the mean and the vaiahthe reconstruction error
increased over time, regardlessly. It became more evidet more than 6000 updates,
which is not shown in the gure.

This divergence is an evidence for GBRBM 's sensitivity to tharteng rate scheduling.
Considering that the divergence became signi cant whentdredard deviations decreased
signi cantly (this is not shown in the gures, though) thevdrgence can be explained by
the scaling factors embedded in the gradient update ruleshveine highly dependent and
increase exponentially with respect to the values of thedstad deviations.

Further experiments were, thus, performed with the adajiarning rate in order to auto-

matically anneal the learning rate. As will be shown, whenl#darning rate is annealed, the
divergence was not observed, emphasizing the importanasingl the adaptive learning

rate.

5.3.2 Learning standard deviation is important

The trained GBRBM had 256 hidden neurons. Initially, the steshdkeviations of the
visible neurons were not updated, but xed to the constahievaf 1. The training was
performed for approximately 650 epochs which is equivatenaround12466gradient

updates. The training was performed by CD learning with alsifgbbs sampling step to
obtain the model samples.

The enhanced gradient and the adaptive learning rate werk aad the initial learning
rate was0:000], and the upper-bound and the lower-bound were séttf and0:0001,
respectively.

Figure 5.3 shows the learned Iters and samples generabed ihe GBRBM after approx-
imately 650 epochs. The reconstruction error nearly cgaesee Figure 5.5), but it is
clear that the samples are very noisy. Additionally to thegplas, the Iters learned by the
GBRBM are quite noisy, possibly suggesting that there is mayenrfor training further.

Further training continued, however, now with updatingstendard deviations of the visi-
ble neurons fof000epochs. From both the weights and the generated sampkesbitious
that the noise presented previously has been reduced tdemsy.

From the reconstruction error shown in the left gure of Fig.5, it is clear that learn-
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Figure 5.3: Filters (top, middle) and samples (bottom) geteel by the GBRBM trained

without updating standard deviations. The lIters were sdnith respect to the L2-

norms such that 128 lters with the large norms are shownéttip gure and the others

are in the middle gure (from top to bottom, left to right). Beten each consecutive
samples 100 Gibbs sampling steps were performed.
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Figure 5.4: Filters (top) and samples (bottom) generateth&yGBRBM that was con-
tinued to be trained now with updating the standard dewiatiorhe lters were sorted
with respect to the L2-nors. Between each consecutive saniflé Gibbs sampling

steps were performed.
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ing the standard deviations decreases the reconstructimmimmediately. The underlying
reason for this behavior could be explained as the GBRBM hasteeovare of the im-
portance among visible neurons so that it emphasizes thesls that are more important
while modeling the training data set.

0 0
T T

0

: : 0 . , : : ,

—— CD learning w/o updating; —— PT learning with updating;
—— CD learning with updating; — CD learning

071 _071

0'2 L L L L 0'2 L L L L L L L L
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Figure 5.5: Evolutions of reconstruction error over gratiigdates.

It is interesting to see the visualization of the learnedid&ad deviations which is shown
in Figure 5.6. It is interesting to see that those parts ofca that are important for the
recognition such as eyes and a mouth have lower standaratidea while other parts such
as both chins have higher standard deviations that are tdode standard deviations of
the training samples. It corresponds to the earlier expilamaf ; being an importance

factor as GBRBM focuses more on those important parts when iingdile faces, and

since those parts are rather well modeled, given the valub® didden neurons, the noise
levels of visible neurons are signi cantly lower.

-

-
Lw
Figure 5.6: Learned standard deviations after approximdi@45 epochs using CD
learning.
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5.3.3 Parallel tempering for training Gaussian-Bernoulli RBM

In order to see (1) if there is any risk in learning standandatens from the beginning and
(2) if the use of PT learning with the intermediate distribns proposed in Section 5.2.2
works, an additional experiment was conducted. A GBRBM with same number of

hidden neurons was trained using PT learning while updahiagtandard deviations from
the very rst gradient update.

The observation of the reconstruction error on the righmehgure of Figure 5.5 suggests
that learning the standard deviations from the beginnidgéa helps. Also, it is apparent
that the learning does not diverge thanks to the adaptivailegarate.

In addition to the reconstruction error that revealed thatdarning with the proposed in-
termediate distribution works well, the samples were gateer from the trained GBRBM.
Visual inspection of the generated samples in Figure 5.7Fagare 5.4 suggests that the
GBRBM trained using PT learning is more suitable for generadimigher variety of sam-
ples, which indirectly indicates that a better generativelel was learned by PT learning.

5.4 Learning Features from Natural Image Patches

An experiment was conducted in order to see if the learned GBR&3Mbe used as a feature
extractor.

CIFAR-10 data set (Krizhevsky, 2009) which consists of thekannel (R, G, B) color
images of size82 32 with ten different labefswas divided into three sets which are
training, validation, and test data sets. They contain 80Q@000, and 10000 images,
respectively. Some of the sample images are shown in Fig8re 5

5.4.1 Learning image patches with CD and PT learning

In this experiment, the procedure proposed by Ranzato & Hi(&010) is roughly followed
which was successfully used for classi cation tasks (Kexzéky, 2009, 2010; Coates et al.,
2010). The procedure, rst, trains GBRBM , or any other featuteaetor of the choice,
on small image patches (see Figure 5.9 for a number of exaple

Two GBRBMs, each having 300 hidden neurons, constructed uhdemobdi ed energy
function were trained o8 8images patches of which each pixel consists of 3 real values

3Labels are airplane, automobile, bird, cat, deer, dog, fiogse, ship, and truck.
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Figure 5.7: Filters (top) and samples (bottom) generate@BRBM trained without
updating standard deviations. The lters were sorted watspect to the L2-norms. Be-
tween each consecutive samples 100 Gibbs sampling stepgpedormed.
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Figure 5.9: 80 randomly chosen samples out of image patetiesxted from CIFAR-10.

corresponding to red, green, and blue color components GBiRBM learned the patches
using CD learning, and the other one did using PT learning.pFbposed enhanced gradi-
ent and the adaptive learning rate were used by both GBRBMs.

The GBRBM trained using PT learning was updated for 200 epocits ttee other was
updated for 300 epochs. No preprocessing was performethégpdtches other than nor-
malizing each color component inf@; 1].

Figures 5.10-5.11 visualize the lters learned by the GBRBMsSs Llear that the lters
with the large norms learn mostly the global structure ofithege patches, whereas those
with the smaller norms tend to model more details, regasddéshe learning method.

It is notable that the GBRBM was able to learn both the straigbeeltiers and the curved
edge lters. It is more obvious in case of PT learning, wherecase of CD learning, the
Iters with the small norms mostly learned not-so-usefudlggl structures.

Furthermore, the GBRBM favored high frequency edge-like stéor black-and-white |-
ters, whereas on the other hand, the low frequency lters iiadel more global features
show the variety of colors. This can be explained so thatriege patches can be mod-
eled by the combination of the global color patterns and thetion information of edges
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Figure 5.10: (Top) 128 Iters with the largest L2-norms, @die) 128 Iters with the
least L2-norms, and (bottom) 90 samples where each comgeeaimples are separated
by 100 Gibbs sampling steps, obtained by training a GBRBM onrakitmage patches
using PT learning.

(Krizhevsky, 2009).

The standard deviations were distributefiri681 02074]and[0:1756 01932]for GBRBMs
trained with PT learning and CD learning, respectively. lthozases, the learned standard
deviations were signi cantly smaller than those of therinagy samples, which were dis-
tributed betwee®:2338and0:2641 This was expected and is desirable.

5.4.2 Learning features for classifying natural images

For the actual classi cation task, 49 patches were obtainedconvolutional way for each
image. Each patch was, then, preprocessed and convertéditaependent components by
the already obtained independent component analysis (I@&s. The activation probabil-
ities of the 200 or 300 hidden neurons of GBRBMs were obtained thid 64 components
and used for the classi cation. The classi cation was dopéhe simple logistic regression.

To classify the color image, independent component ars{¥SA) (Hyvarinen et al., 2001)
and GBRBM were trained on the randomly chosen patches fromahmrtg data set. More
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Figure 5.11: (Top) 128 lters with the largest L2-norms, @die) 128 Iters with the
least L2-norms, and (bottom) 90 samples where each comgesaimples are separated
by 100 Gibbs sampling steps, obtained by training GBRBM on ahiarage patches
using CD learning.
precisely three patches were randomly chosen from eacfirtgaimage to obtain the mix-
ing and separating matrices of ICA where the hyperbolic tabhfiection was used as the
non-linearity function and the components were estimayathsetrically (see Figure 5.12
for the obtained separating matrix).

The algorithm for ICA was FastICA (Hyvarinen, 1999). For theieht training and the
removal of any possible noise, only the rst 64 componenttheflargest eigenvalues were
retained at the whitening phase of the ICA training, and tloeee 64 independent compo-
nents were obtained after ICA.

Figure 5.12: 64 lters (separating matrix) obtained by ICA®n8-patches of the natural
images.
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(a) GBRBM lters - before learning (b) GBRBM lters - after learning

Figure 5.13: (Left) lters of ICA+GBRBM before training, and ¢ft) Iters by
ICA+GBRBM learned from the natural image patches. GBRBM lters wéseialized
by ICA projection.

The independent components obtained by ICA for each traimvage were used as the
training data for a GBRBM. The GBRBM had 200 or 300 binary hidden orsirand was
trained by PCD learning using the traditional learning rulethout updating the standard
deviations, but xing them td.. The minibatch of size 20 was used.

The traditional gradient rules were used instead of the gge@ enhanced gradient rules,
since some preliminary experiments suggested that theidraal gradient rules performed
without any problem if GBRBM learned the independent compandairther, the learning
rate was xed to 0.005 for the whole training and for all maleistead of the adaptive
learning rate, as the sensitivity to the learning rate sglegl is mostly in uenced by the
learning of standard deviations which, in this experimarg, not updated, but xed to 1.

Figure 5.13 shows 200 Iters learned by the GBRBM. It is worthl\@lid note that the lters
expanded by the GBRBM after ICA shows more variety of the edge-likrs obtained by
ICA shown in Figure 5.12. Also, some of the Iters by the GBRBM ane tombinations
of ICA lters.

The best classi cation accuracy of 63.75% was achieved Ik+GBRBM having 64 in-
dependent components and 300 hidden neurons after trair@rigBRBM for only about 35
epochs. The similar accuracy were observed by using whigeonly instead of ICA. The
accuracy obtained using Whitening+GBRBM with 200 hidden nesikeas 62.38%. Only
difference that could be observed was the not-so-signt stsw-down in the convergence

64



and the marginally worse nal accuracy.

Also, worse accuracies could be achieved if the image pateleee not preprocessed with
ICA nor whitening. Using the lters obtained in the previougoeriment (in Section 5.4),
the accuracies were 57.42% and 55.20% for PT learning and @i, respectively.
This suggests that the appropriate preprocessing of thpleans important for extracting
the features using GBRBM .

Despite the minor differences, all the accuracies obtanyagsing the features extracted by
GBRBMs were much higher than the classi cation accuracy obkthiny a simple logistic
regression classi er on raw pixel values. Only about 40%uaacy could be achieved when
the raw pixels were used as features for the classi er. Igests that GB-RBMs are also
capable of extracting features that are more suitable #ocléssi cation task.

The obtained best accuracy is comparable to the previoesamds Some of the previ-
ous results using the variants of RBM without deep neural nédsvand ne-tuning in-
clude 63.78% obtained by GBRBM without any preprocessing, Ihitemning (Krizhevsky,
2009), 62.8% obtained by the factored 3-way RBM (Ranzato e2@1.0), and 68.2% ob-
tained by the mean and covariance RBM (mcRBM) with the data peegsed with PCA
(Ranzato & Hinton, 2010). However, the result is far from therent state-of-the-art ac-
curacies, e.g. 79.6% obtained by Coates et al. (2010), o0¥B8dbtained by Krizhevsky
(2010).

It should be noticed that the mentioned results by otheiarekers were obtained by using
the images other than those contained in CIFAR-10 data set.ofAhem used a non-

overlapping set of images from Tiny Images datd sehich is the unlabeled superset
of CIFAR-10. This kind of including other unlabeled data, whican be regarded as a
semi-supervised learning, has been shown to improve thergkgation performance of

the model as well as the classi cation performance (Kridkgy 2009; Ranzato & Hinton,

2010; Ranzato et al., 2010; Hinton & Salakhutdinov, 2006aaltdinov, 2009b). Thus,

the performance of the proposed model has the potentiakfiterbaccuracy if more unla-

beled data were used.

5.4.3 Learning images

Due to the dif culty in training GBRBMSs, only data sets with coarably small dimension-
ality have been used in various papers. For instance, orfeeahbst popular benchmark

“http://groups.csail.mit.edu/vision/Tinylmages/
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data sets has been natural image patches (Krizhevsky, 20009; Coates et al., 2010; Ran-
zato et al., 2010; Osindero & Hinton, 2008) which consis8of 8 images of which each
pixel consists of three color channels-red, green, and blue

In case of CIFAR-10 which was used for experimenting the feagxtracting performance
of GBRBM s in the previous section, Krizhevsky (2009) asseitiatl GBRBM was unable
to learn any meaningful features from the whole images. rL&egzhevsky (2010) tried

various heuristics to prevent GBRBM from learning lters thaé docused on modeling
the boundaries of the images.

In this experiment, using the enhanced gradient and thetimddparning rate while the
standard deviations are learned, the whole images of CIFARrd0earned by GBRBM
. It was expected that the standard deviations which alsasgnhportance factors would
prevent GBRBM from focusing too much amimportantboundary pixels, but would en-
courage it to learn both the boundary and the interior of thages.

A GBRBM with 4000hidden neurons was trained on the images of CIFAR-10 data set. CD
learning with the adaptive learning rate and the enhancadignt was used.

The initial learning rate and the upper-bound were séd:@®1, and no lower-bound for
the learning rate was set. The standard deviations weredddrom the beginning. The
GBRBM was trained for only 70 epochs which is equivalent to 20 @adient updates as
the minibatch of size 128 were used.

Figure 5.14 show 512 lters learned by the GBRBM sorted by thenb?ms. Clearly, the
Iters with the large norms tend to model the global featuwsash as the overall background
color and the separation between the background seen ithmalbry and the object in the
middle. Filters with the smaller norms, on the other handdehthose small, ne details
mostly concentrated on the interior of the image.

This visualization shows that GBRBM with the modi ed energy ¢tion, the enhanced
gradient update, the adaptive learning rate, and learmamglard deviations, as proposed in
this chapter does not suffer from the problem described zhiévsky (2010) which stated
that GBRBM easily fails to model the whole image by focusing ryosh the boundary
pixels only.

The evolution of the reconstruction error over trainingwhaon the left-hand side of Fig-
ure 5.15 shows that regardless of the large dimensiondlityeodata set which i8072 the
GBRBM was able to learn the images stably. Also, the adaptivailegrate was able to
anneal the learning rate appropriately over the trainie@aen be observed in the right-hand
gure of Figure 5.15.
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Figure 5.14: Visualization of weights of GBRBM trained on thealhimages of
CIFAR-10. (Left) 256 Iters with the largest L2-norms, anddhit) 256 lters with
the least L2-norms.
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Figure 5.15: Evolutions of reconstruction error and leagnrate while training the
GBRBM using CD learning with updating the standard deviationthenwvhole images
of CIFAR-10.

In addition to the visualization of the learned Iters an@ tfeconstruction error, it is possi-
ble to observe that the GBRBM was able to capture the essence whthing samples by
looking at the reconstructed images obtained by a singteGiiebs sampling. Figure 5.16
shows both the randomly chosen original training sampleistiaeir reconstructions. The
reconstructed images look like blurred versions of theioalgones, however, still main-
taining the overall structures.

For instance, the reconstructed image of the bottom-lefigenwhich has a sedan shows
that the GBRBM could capture the uniform background infornrgtibhe darker color of
the bottom of the sedan, and the overall shape of the car. @nshaiction of an eagle
ying in the sky (the top third image from the right) capturelack wings and white head
and tail while ignoring too local, small details. This igaace can be considered as a sign
for either more training being required or more hidden nesitoeing required.

These results clearly indicate that GBRBM trained with the neadenergy function, the
enhanced gradient, and the adaptive learning while alsoiteathe standard deviations is
able to learn the whole images without much dif culty. Esjadlg, the visualized Iters do
not possess those lters that can only be considered aslglobiay lters (see Figure 2.1
of Krizhevsky, 2009). Also, clearly most Iters do not focasr model the boundary of the
images, which was considered harmful and dif cult to addres
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Figure 5.16: (Top) 20 randomly chosen samples from CIFAR-1@ dat. (Bottom)
One-step reconstruction using the GBRBM.

5.5 Conclusions

This chapter illustrated how RBM can be extended to learniagvalued data by introduc-
ing a Gaussian-Bernoulli RBM (GBRBM) which uses Gaussian visibl&rons instead of
Bernoulli visible neurons of the conventional RBM.

Based on the widely used traditional form of GBRBM, the chapteppsed a modi ed
GBRBM which uses a different parameterization of the energgtfan. The modi cation
led to more elegant forms for visible and hidden conditiafistributions given each other
and gradient update rules.

Furthermore, the chapter described how the three advanopsesed in Chapters 3 — 4 can
be applied to GBRBMs; they are parallel tempering learning ethiganced gradient, and
the adaptive learning rate. To train GBRBMSs using the paradigipgering, a method for

constructing the intermediate tempered distributions pvaposed.

It was shown that the dif culty of preventing the divergerafdearning could be addressed
by the adaptive learning rate. However, some preliminapeerents (not shown in the
thesis) revealed that training GBRBMs using the adaptive legmate is highly sensitive to

the associated learning parameters, and in most casestbighlearning rate or the recon-
struction error diverged. This problem was addressed bplgifmaving the predetermined
upper bound of the learning rate.

The enhanced gradient which was proposed earlier in Chaptes4pplied to GBRBMs.
As a way for adapting it to Gaussian visible neurons, theishitransformation was pro-
posed. However, it must be reminded that the shifting t@nsétion may not be the opti-
mal one for GBRBM . There certainly exists a room for other tramsftions that would
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give better performance over the shifting transformatiétence, further investigation is
required.

Finally, the use of GBRBM and the proposed modi cations wergéeshrough the series
of experiments on realistic data sets including human faresnatural images. Those
experiments showed that GBRBM is not only possible to learnicoous real-valued data,
but similarly to the conventional RBM, it is able to learn ir@sting features of the data
samples so that the obtained features can increase perfoenmasuch machine learning
tasks as classi cation.

Despite these successful applications of GBRBM presentedsinltapter, training GBRBMs
is still more challenging than training RBM. Further researchmproving and easing the
training will be required.

70



Chapter 6
Conclusions

Although Boltzmann machines (BM) and restricted Boltzmannimraes (RBM) have been
introduced already in 1980s, the wide usage of them had tbumél Hinton (2002) intro-
duced contrastive divergence (CD) learning in 2002. The rbamier in the acceptance
of RBMs was the dif culty in computing the stochastic gradidat training the model.
Thanks to CD learning, the popularity of RBM and its variantsagrapidly, and a whole
eld called deep learninghad opened (Bengio, 2009).

Unfortunately, recent papers (see e.g. Schulz et al., 2bis8her & lgel, 2010) reported
that it is not trival to train a simple RBM as learning can easilerge. Without careful
tuning of learning parameters, even a simple problem ohlagrhandwritten digits fails,
which is observed by the decreasing likelihood or the failof sampling any meaningful
digits from the trained model.

In order to address this dif culty in training RBMs, this thesaimed to provide methods
that could ease training from the dif culties and would patially result in better trained
RBMs. The propositions did not concentrate on a single weakoiglgearning, but consid-
ered the solutions from the various angles.

Firstly, the weakness in computing the learning gradierg addressed. PT learning em-
ployed an advanced Markov-Chain Monte-Carlo (MCMC) samplinghoe for replacing
the simple Gibbs sampling which has been the sampling meshotoice for computing
the negative term of the learning gradient. Chapter 3 desdritow PT learning can be
adapted to training RBMs and provided the experimental restlbwing the superiority of
PT learning over the conventional learning method, CD |eayni

The second point on which the thesis focused was the problémtlve traditional gradient
update rules. The close observation into the original updaes revealed that the conven-
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tionally used gradients were not invariant to the represeont of training samples and also
had hidden terms that distract learning. Based on this oaseny in Chapter 4 the thesis
proposed the enhanced gradient update rules that haveagerfyr of invariance to the data
representation and remove the distracting terms from tiggnat gradients. Extensive ex-
periments on a realistic data set con rmed that, regardkésise learning method and the
training data sets, the enhanced update rules outperfdimeddaditional ones.

Furthermore, the dif culty of choosing the learning pardaere was addressed with the
adaptive learning rate in the same chapter. As Fischer &Rf¥l0) pointed out, any inap-
propriate choice of the learning rate results in a diverdiabavior. The adaptive learning
rate, based on the local estimate of the likelihood, was abkddress this problem by
automatically adapting the learning rate on-the-y. It wam rmed with the various ex-
periments.

Lastly, in Chapter 5, the thesis presented how RBMs can be eedendnodel continuous,
real-valued data sets. Based on a Gaussian-Bernoulli RBM (GBRBMdif& Salakhut-
dinov, 2006), the chapter proposed modi cations and imprognts that make GBRBMs
readily available to learn high-dimensional data setslgathe experimental results sug-
gested that GBRBM which in its original form is more sensitivéhte learning parameters
and is known to be dif cult to learn can more easily learn hidjmesional data sets with the
proposed improvements. Although the presented resuledféo provide any solid num-
bers that are state-of-the-art, the indirect evidencels asthe visualization of the weights,
the reconstruction error, and the generated samples,|eeviiee improvements gained by
the proposed methods.

Clearly from the empirical evidences presented throughloaitthesis, the proposed im-
provements for both RBM and its extension GBRBM address the difiesireported by
the researchers. It is expected that the adaptation of ihgg@vements will encourage
many other researchers to work on RBMs, and further, on deephea

Deep neural networks such as deep belief networks (DBN) @Hi&tSalakhutdinov, 2006),
deep Boltzmann machines (DBM) (Salakhutdinov & Hinton, 200&)d convolutional

DBN (Lee et al., 2009), have gained popularity, since HintorS&akhutdinov (2006)

showed that they can be easily trained when each layer ofdtweorks is pretrained, as
if it were RBM .

Without pretraining, it is generally considered that léagdeep architectures is dif cult, if
not impossible, except for few exceptional cases such asriggan MLP for classi cation

tasks (Ciresan et al., 2010; Martens, 2010). Salakhutdind¥i®&on (2009) even men-
tioned that MNIST handwritten digits could not be learnedcassfully by DBMs without
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pretraining.

The proposed improvements presented in this thesis maiolysed on training RBMs with
a single layer. All experiments were conducted using sitayered architectures only
without any relaxation of the structural restrictions irspd on RBMs. However, clearly,
the theoretical aspects of the three proposed improverdentst restrict their use in more
general Boltzmann machines such as DBMs.

It will be an interesting research topic to apply the proplasethods to deep architectures,
either as a part of pretraining or as a sole learning methsdh& experiments in the thesis
have shown the signi cant improvements and the possibditynuch easier training for
RBMs, it can be anticipated that the proposed learning metivoddd help training more
generalized and deeper generative architectures.

Additionally, more applications of RBMs need to be discoveaed experimented. In-
cluding this thesis, most machine learning tasks tacklethsby the deep learning have
mainly been the classi cation tasks of well-known benchkndata sets. Other application
areas that could potentially gain improvement from RBM andidtisants include missing
value reconstruction, collaborative ltering, image segrtation, and clustering of high-
dimensional data sets. More research effort will need tagam diversifying the applica-
tion areas.
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Appendix A

Update Rules for Boltzmann Machines

Let us start from Equation (2.1), however, wktbeing split intov andh such that

P(vihj )= Tl)exp[ E(vih )

Given a training data sét/ (M g\_, , the log-likelihood function (2.3) can be written as

X X
L()= log PN™:hj )
n=1 h
P (MK j
= log P nSXP BN )
n=1 v nexpf E(vihj )g |
X X X '
= log exp EN™:hj ) log expf E(v:hj )g
n=1 h v h

(A.1)

Let be one parameter of, and then, the update rule forcan be easily evaluated by
taking the partial-derivative of Equation (A.1) with respéo it. Then, the gradient with
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respect to is

I
X X X '

®

a X
— = log exp EN™;hj ) log expf E(v;hj )g
@ n=1§") h v h
=)
X @ h—@( S(V@;)’m Dexp E™:hj )
o " nexpf E(v;hj g
P P - !
v s expf E(vihj )g
"~ ., nexpf E(v;hj )g
O* . + 1
N e @ E(v™hj ) @ E(vihj ) A (A2)
n=1 @ P (hjv(M); ) @ P(v;hj)

Learning is often performed using mini-batches rather thsing all training samples at
every update. Hence, the terms inside the outermost sulwmaté computed for only a
small subset of training samples and are multiplied with@orapriate learning rate.

To obtain different learning rules for each parameter, tbgative energy function needs
to be differentiated with respect to each parameter. Thiwaten is universal to both
Boltzmann machines and restricted Boltzmann machines, aadtaé derivations, the up-
date rules (2.4) — (2.6) and (2.9) — (2.11) can be obtaineatil&ily, the update rules for
Gaussian-Bernoulli RBMs given in (5.4) — (5.7) and (5.11) —4%dan be derived.
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Appendix B

Enhanced Gradient

B.1 Bit- ipping transformation

By transforming parameters of RBM, the model can practicallyriagle equivalent even
when a bit- ipping transformation given in Equation (4.3) applied. Let us rewrite the
energy function of RBM (2.7) when the bit- ipping transforniat is applied.

. X X 1 f; 1 f;
E(v;hj )= vii @ vt @ )
l ;. fi fi x 1 fj fi
vi '(1 wvi)'h hy (@1 hy)ig;

i i

wherei andj denote indices of the visible and hidden neurons, respygtilencef; and
f; also represent bit- ipping transformations for th¢h visible neuron and thie-th hidden
neuron.

Then, the above energy function can be modi ed as

X X
E(v;hj )= (@ 20w 2f))hyw +

f|(1 2fj)thij +fj(1 2fi)ViWij +fifjWij

X X
(@ 2f)vib + fib) (@ 2)hig +fjq)

i ]
Then, it is possible to gather the terms according to whetheterm has botk; andh;,
only one of them, or none of them. Due to the formulation of phebability function of
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RBM in Equation (2.1), any term that does not contain eithesr h; can be considered
constant and safely ignored. Also, it is possible to rewkite2f; and1 2f; as( 1) and

( Db,

Then, the reformulated energy function looks like

X X X X
E(vihj )= vihy (- 1)+ fiwg vi(t ) b+ fjw
i i j
X X '
hi( )M g+ fiw
X X X X
= vihy w By & h

i j i j

From this, it is straightforward to see that Equations (4.43.6) hold.

B.2 Update Rules based on Bit- ipping Transformation

Let us consider the update of the transformed weigfjts At each updatey; is updated
byw; + r w;,where isalearning rate. By the chain ru%":jid@—?, the gradient ofy;

is, infact,( 1)+ % E) q E)

@w @w
d m

Hence, the update rule of the weights, when a model is tramsfd, updated, and trans-
formed back, simply becomes

0* +1

+ *
E @ FE
@ @wy

d m
Wi + ( 1)fi+fj ( 1)fi+ijihj+( 1)fiVifj+( 1)fjhjfi d
( l)fi+ijihj +( l)fiVifj +( 1)fjhjfi m
Wij + h/ihjid hVihjim fi I’hjid hhjim fj (h/iid hViim) ; (Bl)

Wij ( 1)fi+fj\Mj + ( 1)fi+fj@

which is identical to Equation (4.7) with simple mathemaltimanipulations.

Now, let us take a look &t. It is easy to see that the update rule liprs invariant to the
transformation, as the update rules for batandl are identical tdw;i, h vii .

Hence, when a model is transformed, updated, and transfobaek, each visible bias
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becomes

X
h ( 1)i(a+ rh) fi(wi + rw)
j
X ! X !
= ( D'n fiwj + rh r Wi
" j # j
X
=h+ rb fjl’ Wi

It must be reminded thatw; in this context does not refer to the original update rulénef t
weights (2.4) or (2.9). Rather, it is the additive term in Bipra(B.1) which was derived in
the same way; transform a model, update a parameter, arsgddrama model back. Thus,
the update rule fop is
! #

X

b h‘l‘ rh fj h\/ihjid hVihjim fi H]jid thI fj (h‘/iid hViim)
j

Again, the derived update rule is identical to EquationX4The update rule fot; can be
similarly obtained as that fdy was obtained, and the derivation is omitted here.

B.3 Obtaining Enhanced Gradients

With the newly derived update rules, it is possible to obthi@ enhanced gradients as
a weighted sum of the gradients obtained from all possibhakinations of bit- ipping
transformations. Each gradient is weighted by
- . 1 f Y £ . 1 fj
i g, (1 hviig,) hhjig, 1 hhjig,
i j
which is essentially same with Equation (4.10) except fat thsible neurons and hidden
neurons are separately shown here.

It is apparent that the sum of the weight over all possiblelmoations of transformations
results inl. An easy example could be constructed by considering theewehsre only two
neurons exist. Then, the weights are computed as shown la Bab.

Hence, any term in the gradient that does not depend on (igahed by) the transformation
f; orf; does not change over the weighted sum. Then, the weightedfsin@ update rules
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Q

fi fo il (1 h xig)t "

0 01 hxyiy, hXaig,+ Mg, Moy,
0 1 i g D Xai g Do
1 0 h>(1idm h Xlidmhxzidm
1 1 i g %ol
Sum 1

Table B.1: Example of summing the weight

of w; over all combinations of transformations is

W :Co%d(vi;hj) Covm(Vi; hy) + hvii g, ¢ + Hhyiy r b
it @ hwvig)t "hhill 1 hhig P gf+ 1 obf)
fiif;
= Covq(Vi;hj)  Covm(Vvishy) + hwiiy,r ¢ + hhjig rh
(L hviigy) hyigrb+@ hhyig)hiigrg
+ vy hhyi 1 g+ hvi g bhyig b
= Covgq(vi;hj)  Covm(vi;hy);

which is exactly the enhanced gradient presented in Equétid 1).

It is possible to obtain the enhanced gradients of visiblk lEdden biases following the
identical procedure. However, they can be derived more Igitmp observing that the en-
hanced gradient fow; was obtained from Equation (4.7) by setting the transfoionat
fi andf; to hvii ,, andhh;i, , respectively. Based on this observation, by replacingethes
transformations equivalently for the gradients of visibled hidden biases, the enhanced
gradients for them can be derived as
h X [
b b+ rh hhjig rw; hvigrg hhigrh
h X i
G G+ rg Wilg, T W hviig.rg hhjigrh
|
From Equations (4.2) and (4.11), it is apparent that; h viiy,.r ¢ hhjig rbis
equivalent to the enhanced gradient for the weights. Tlydacing it withr~w; yields the
enhanced gradients for both visible and hidden biases {4 480).
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