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1:2 A Congestion Parameter for Depth-First Graph Traversals

1 Introduction37

1.1 Background38

In this paper we investigate the minimum “congestion” of depth-first graph traversals, in39

the sense of how many back edges are simultaneously open (discovered but not concluded)40

at any point during the traversal. This concept is analogous to the notion of spanning tree41

congestion introduced by Ostrovskii [12], but is specific to ordered DFS trees, and addresses42

the dynamic traversal process rather than the static DFS tree.43

Our interest in this concept was spurred by a practical problem in RNA nanotechno-44

logy [13], viz. minimising the number of kissing-loop connector motifs in the algorithmic45

design of co-transcriptionally folding RNA wireframe nanostructures [7, 8, 11].46

(a) (b) (c) (d)

Figure 1 A spanning-tree based design scheme for RNA wireframe nanostructures. (a) Targeted
wireframe model. (b) A spanning tree and strand routing of the wireframe graph. (c) Routing-based
helical and kissing-loop pairings. (d) Nucleotide-level model. (Adapted with permission from [7].)

In this design task, one starts with a graph model G that represents the targeted wireframe47

nanostructure (Figure 1(a)), and then designs an initial route for the RNA strand by a48

traversal around some spanning tree T of G (blue curve in Figure 1(b)). This establishes an49

RNA base-pairing scheme for creating the tree T , but omits the co-tree edges (dashed red50

lines in Figure 1(b)). These are grafted to the design by extending the strand routing by two51

half-edges from both end-vertices of each co-tree edge, and terminating these extensions in52

“kissing loop” (KL) pairs with pairwise matching base sequences (Figure 1(c)). Figure 1(d)53

presents a helix-level model of the resulting nanostructure.54

In nature, RNA is transcribed from a DNA template by a polymerase enzyme molecule55

and folds co-transcriptionally, that is, already while being transcribed. This opens up the56

possibility of reusing the KL base-pair sequences, because once a transcribed KL pair has57

closed, there is no longer a risk of mispairings from introducing another copy of the same58

sequence pair. This opportunity is potentially significant for large structures and motivates59

interest in cotranscriptional designs with a minimum number of simultaneously open KL60

pairs, that is, graph traversals with a minimum number of simultaneously open co-tree edges.61

Co-transcriptional folding also has a downside: if the scheduling of the KL pairings62

relative to the helix transcriptions is bad, it is possible that the polymerase molecule becomes63

“trapped” by a KL pair that closes too early, and the winding of the downstream helices64

cannot be completed [9]. Surprisingly, this kinetic folding trap can be decisively avoided in65

wireframe designs if and only if the spanning tree used for routing is a DFS tree [11].66

Accordingly, and following [11], we define the KLX (“kissing loop crossing”) number of a67

graph G as the minimum number of simultaneously open back edges in any DFS traversal68

of G, and aim to characterise and recognise those graphs that can be constituted with a69

small KLX number. Even though this parameter thus has an application-driven origin, it70

connects to the broad literature on edge congestion problems, e.g. [3, 10, 12].71
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1.2 Structure of the paper72

After introducing some preliminaries in Section 2, we provide characterisations of graphs with73

small KLX values in Section 3. Specifically, we show that: graphs with KLX ≤ 1 are cactus74

graphs, and graphs with KLX ≤ 2 admit an explicit, linear-time decidable characterisation.75

Computing the KLX value is known to be NP-hard [11], but in Section 4 we establish76

the existence of a linear-time fixed-parameter tractable (FPT) algorithm to test whether77

KLX ≤ k for any constant k. Our approach is based on Courcelle’s Theorem [6], and consists78

of two key steps: we prove that the tree-width TW of any graph satisfies TW ≤ KLX + 1,79

and we demonstrate that the condition KLX ≤ k is MSO2-expressible. All proofs that have80

been omitted or abridged in this paper are available in the full version of the article at [5].81

2 Preliminaries82

All graphs G = (V,E) considered in this paper are connected and simple. We denote by83

deg(x) the degree of a vertex x ∈ V , and by δ(G) and ∆(G) the minimum and maximum84

degrees of vertices in G. For S ⊆ V , we denote by G[S] the subgraph of G induced by the85

vertices in S. We use the notation |C| for the length of a sequence, path or cycle C.86

A graph G = (V,E) is k-(vertex-)connected if |V | > k and G cannot be disconnected by87

removing fewer than k vertices. A 2-connected graph is also called biconnected. By κ(G),88

we denote the largest integer k such that G is k-connected. The k-edge-connectivity and89

the notation λ(G) are the edge analogues. By k-connectedness, we always mean k-vertex-90

connectedness. It is well known that κ(G) ≤ λ(G) ≤ δ(G). A biconnected component or block91

of G is a maximal biconnected subgraph. Any graph decomposes into a tree of biconnected92

components, known as the block-cut tree of the graph [4].93

Starting from a vertex r and traversing G in a depth-first manner yields a spanning tree94

T for G of a special kind, called a DFS tree or a Trémaux tree, rooted at r. The unique95

path between two vertices x and y in T is denoted by xTy, and the subtree rooted at x is96

denoted by T (x). The root r induces a partial tree order ≺ on the vertices of G, where u ≺ v97

if u ∈ rTv (equivalently if v ∈ T (u)). The root is the unique minimum element of this order.98

A vertex that is neither a leaf nor the root is called internal, and an internal vertex of99

degree at least three in T is called a branch vertex. We note the following simple lemma.100

I Lemma 1. The root of a DFS tree of a biconnected graph is incident to only one tree edge101

and is thus not a branch vertex.102

The edges of G are classified in two types: tree edges, which belong to T , and back edges,103

which do not. This nomenclature is justified by the property that, in a DFS tree, any back104

edge connects a vertex v to one of its ancestors, i.e., a vertex in rTv. We consider back edges105

as oriented correspondingly and write (v, u) for a back edge where u ≺ v. In contrast, we106

use curly brackets for tree edges, such as {x, y}.107

A DFS tree T is ordered if an ordering is specified for the children of each vertex. Each108

such ordering corresponds to a unique DFS traversal process that results in the tree T .109

Throughout the paper, when depicting an ordered tree, we assume that the children of a110

vertex are visited from left to right.111

Given an ordered DFS tree T , its traversal or (DFS-)contour is the list of occurrences of112

its vertices on the tree tour. Formally, the traversal τ(T ) of an ordered DFS tree T with root113

r is defined recursively as τ(r), where τ(u) = u if u is a leaf, and τ(u) = u τ(v1)u · · ·u τ(vk)u,114

if u is a vertex with children v1, . . . , vk ordered left to right. Note that in a traversal, every115

tree edge {x, y} occurs twice, once in orientation x→ y and once in orientation y → x.116

MFCS 2026
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Graph G1 Graph G2

a

b

c

d

f

g

Graph G3

a

bc

d

f

g

Ordered DFS tree T3

a b c d c b f g f b a

Arc diagram of τ(T3)

Figure 2 Three graphs G1, G2, and G3, along with an ordered DFS tree T3 of G3 rooted at a
and the corresponding arc diagram.

Given a DFS traversal τ(T ), the corresponding arc diagram is constructed by laying out117

all the vertex occurrences of τ(T ) in an oriented line, and representing each back edge (v, u)118

as an arc from the last occurrence of v in τ(T ) to the next occurrence of u after the last119

occurrence of v—which exists as u ≺ v in T . An arc diagram is illustrated in Figure 2.120

I Definition 2 (KLX). Let e = {x, y} be a tree edge of an ordered DFS tree T , with x ≺ y.121

The set O(e) of open (back) edges for e is defined as the set of back edges (v, u) for122

which the oriented edge y → x is contained in the arc diagram interval between the respective123

occurrences of v and u.124

We define KLX(T ) = KLX(G,T ) = maxe∈ET
|O(e)| and KLX(G) = minT KLX(G,T ),125

where the minimisation is over all ordered DFS trees T of G. An (ordered) DFS tree T ∗ that126

satisfies KLX(G,T ∗) = KLX(G) is a KLX-minimum tree of G.127

For instance, in the arc diagram of Figure 2, we have O({c, d}) = {(d, b)} and O({b, f}) =128

{(c, a), (g, b), (f, a)}. In this case, KLX(T3) = 3.129

I Remark 3. A graph has KLX = 0 if and only if it is a tree, as in this case there are no130

back edges.131

I Example 4. Figure 2 presents three graphs G1, G2, and G3, with KLX numbers 1, 2, and132

3, respectively. The KLX values can be verified by full enumerations of the respective DFS133

trees, but the present paper also provides simpler techniques. Graph G1 is not a tree but134

a “cactus,” and hence has KLX = 1 (Theorem 12). Graph G2 admits a path-like DFS tree135

that fits a characterisation of KLX = 2 graphs in Theorem 15. Graph G3 does not satisfy136

the conditions of Theorem 15, and thus has KLX(G3) ≥ 3. Since we have just observed that137

KLX(G3, T3) = 3, we can conclude that in fact KLX(G3) = 3.138

The back edges in O(e) can be classified in two types, based on their relation to the tree139

edge e. We say that a back edge (v, u):140

(i) crosses the edge e if e ∈ uTv;141

(ii) envelops the edge e if there exists a branch vertex x ∈ uTv with x 6= u, v, and142

with children w1, w2 such that w1 precedes w2, v ∈ T (w1), and either e ∈ T (w2) or143

e = {x,w2}.144

Similarly, we say that a back edge (v, u) crosses a vertex x if x ∈ uTv and x 6= u, v.145
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For example, in the ordered DFS tree T3 and its arc diagram in Figure 2, among the146

three back edges in O({b, f}), the edges (g, b) and (f, a) are crossing, and the edge (c, a) is147

enveloping.148

This classification of back edges suggests the following simple lower bound for the KLX149

number, obtained by taking into account only the crossing edges.150

I Definition 5 (DFS tree congestion). For a tree edge e in a DFS tree T of a graph G, we151

define its (DFS-tree) congestion dtc(e) as the number of back edges (v, u) that cross e.152

The congestion of a DFS tree T is then defined as DTC(T ) = DTC(G,T ) = maxe∈T dtc(e),153

and that of a graph G as DTC(G) = minT DTC(G,T ).154

We observe that the value of DTC(T ) is independent of the traversal order of the tree155

T , and thus the quantity DTC(G) matches Ostrovskii’s spanning tree congestion parameter156

stc [12], when the latter is restricted to DFS trees and adjusted by −1.157

I Proposition 6. For any graph G, DTC(G) ≤ KLX(G). Moreover, there exist graphs for158

which this inequality is strict.159

The strictness of the lower bound is demonstrated e.g. by the biconnected graph G3 in160

Figure 2, where from Example 4 we know that KLX(G3) = 3, and DFS tree T3 witnesses161

that DTC(G) ≤ 2.162

3 Characterisations of graphs with KLX ≤ 1 and KLX ≤ 2163

In this section we provide characterisations of graphs with KLX number less than or equal164

to two. We begin by establishing some foundational lemmas, and then build on these to165

obtain the targeted characterisations. Finally, we present linear-time algorithms to decide166

whether a given graph satisfies KLX ≤ 2.167

3.1 Some preliminary lemmas168

I Lemma 7. A block (biconnected component) B of a graph G satisfies KLX(B) ≤ KLX(G).169

Proof. Let T be a KLX-minimum tree of G, and let B be a block of G. Consider the subtree170

T [VB] of T induced by the vertices of B. Since B is biconnected, all paths in G between171

vertices of B lie entirely within B. Consequently, T [VB ] is connected and acyclic, and thus172

forms a spanning tree (and hence an ordered DFS tree) of B. By the definition of KLX, the173

inequality KLX(B) ≤ KLX(B, T [VB ]) ≤ KLX(G) holds. J174

I Lemma 8. Let k ≥ 2, and let T be a DFS tree of a k-connected graph, rooted at a vertex r.175

Any subtree of T rooted at a child of a vertex v is then connected to the path rTv by at least176

k − 1 back edges. Moreover, unless v = r, at least one back edge from each subtree crosses177

the tree edge between v and its parent.178

Proof. Suppose, for a contradiction, that for some subtree of T rooted at a child of v there are179

at most k−2 such back edges. Cutting all these back edges, along with the tree edge between180

v and the respective child, would disconnect G. This would imply κ(G) ≤ λ(G) ≤ k − 1,181

contradicting the k-connectivity of G.182

Regarding the second statement, without such a crossing back edge, removing vertex v183

would disconnect the subtree from the rest of G, contradicting the biconnectivity of G. J184

I Corollary 9. In a DFS tree T of a biconnected graph G every vertex has at most DTC(T ) ≤185

KLX(T ) children.186

MFCS 2026
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I Lemma 10. Let G be a biconnected graph and T a DFS tree of G. Then any vertex187

of G has degree at most KLX(T ) + 1 if it is the root or a leaf of T , and degree at most188

2 ·KLX(T ) + 1 if it is an internal and not a branch vertex of T .189

Proof. If a vertex is a leaf, only one of its incident edges belongs to T . All others incident190

edges are back edges, and are crossing the tree edge adjacent to the leaf. Thus, the degree of191

a leaf cannot exceed KLX(T ) + 1. The biconnectivity of G implies that the root is not a192

branching vertex (as noted in Lemma 1), allowing the same argument to be applied to the193

root.194

Let us consider an internal vertex u that is not a branch vertex. In order for u not to be195

an articulation point, some back edge e must cross both the tree edges above and below u.196

If u had 2 ·KLX(T ) + 1 or more incident edges, of which only two belong to T , one of the197

tree edges above or below u would be crossed by at least KLX(T ) back edges. Adding the198

back edge e, this would contradict the definition of KLX(T ). Hence, the degree of an internal199

vertex that is not a branch vertex is at most 2 ·KLX(T ) + 1. J200

I Lemma 11. Let G be a biconnected graph with ∆(G) ≥ k(k+1)
2 + 2 for some k ≥ 1. Then201

KLX(G) ≥ k + 1.202

Proof. Suppose, for a contradiction, that there is a DFS tree T of G such that KLX(T ) ≤ k.203

According to Lemma 10, any vertex that is the root or a leaf of T has degree at most k + 1,204

and any internal vertex that is not a branch vertex of T has degree at most 2k + 1. It thus205

now suffices to show that any other (branch) vertex of T has degree at most k(k+1)
2 + 1 to206

get a contradiction with the assumption on ∆(G).207

By Corollary 9 the number of children of any branch vertex of T is bounded by KLX(T ).208

Let b be a branch vertex with p ≤ k children. Since T cannot branch at its root (Lemma 1),209

b has a parent. Let e ∈ T be the edge connecting b to its parent, and let e1, · · · , ep ∈ T be210

the edges connecting b with its children. Without loss of generality, assume that the traversal211

of T explores e1 first, e2 second, and so on.212

The remaining edges incident to b, if any, are back edges and must cross e, e1, . . . , or ep.
As G is biconnected, for all 1 ≤ i ≤ p, there exists a back edge spanning from the subtree
below the i-th child to crossing e (Lemma 8). Moreover, this i-th back edge envelops the
edges ei+1, · · · , ep and all edges below them. Therefore, ei and e can be crossed by at most
k − i and k − p more back edges, respectively. Hence, the degree of the branch vertex b is at
most

p+ 1 + k − p+
p∑

i=1
(k − i) = −1

2

(
p−

(
k − 1

2

))2
+ k(k + 1)

2 + 9
8 ≤

k(k + 1)
2 + 1

J213

3.2 Characterisation of graphs with KLX ≤ 1214

A graph G is a cactus graph if every block of G is either an edge or a cycle [1].215

I Theorem 12. A graph G has KLX(G) ≤ 1 if and only it is a cactus graph.216

Proof. For the only-if direction, Lemma 7 implies that every block B of G satisfies KLX(B) ≤217

1. Applying Lemma 11 with k = 1, no block involves a vertex with degree 3 or greater.218

Therefore, each block B must be either an edge or a simple cycle. Thus, G is a cactus graph.219

For the other direction, given a cactus graph G, we construct a DFS traversal of G in220

which any tree edge is crossed by at most one back edge and enveloping never occurs. The221
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traversal can start at an arbitrary vertex. After the traversal enters a cycle block C via222

some articulation point u, it prioritises visiting the neighbour blocks of C (if any) in the223

block-cut tree before continuing along the cycle C. By this strategy, the only back edge224

ever open in C is the one connecting the final vertex of C back to u, which closes when the225

traversal returns back to u. Thus, at most one back edge in G is open at any time, and226

hence KLX(G) ≤ 1. J227

I Corollary 13. There is an O(|V |+ |E|) algorithm to test whether a graph has KLX ≤ 1.228

3.3 Characterisation of graphs with KLX ≤ 2229

In the following, we first provide a structural characterisation of biconnected graphs with230

KLX = 2, and then generalise this result to general graphs.231

I Lemma 14. Let T be a DFS tree of a biconnected graph G with KLX(T ) ≤ 2. Then any232

branch vertex b has only two children in T , and at least one of the subtrees rooted at them233

has the following properties:234

1. The subtree is a path (contains no further branch vertices).235

2. All of the subtree is crossed by a single back edge that connects its (unique) leaf to an236

ancestor of b. No other back edges are incident to the subtree.237

Proof. Firstly, b is not the root of T (Lemma 1) and has only two children (Corollary 9).238

Let T1, T2 denote the two subtrees rooted at these children and assume, without loss of239

generality, that in the ordering of T that yields KLX(T ) ≤ 2, tree T1 precedes tree T2.240

By Lemma 8, there exists at least one back edge from T1 to an ancestor of b that envelops241

all edges in T2. This entails that no edge in T2 can be crossed by more than one back edge.242

As a result, T2 can not contain a branch vertex, as the edge from the branch vertex to its243

parent would be crossed by two back edges (Lemma 8). Consequently, T2 must be a path.244

Secondly, the unique leaf ` of T2 must be incident to a back edge lest its parent be an245

articulation point. And the other endpoint w of this back edge must lie above the branch246

vertex b; otherwise, to prevent w from being an articulation point, another back edge would247

need to cross w. But then the tree edge connecting w to its only child would be crossed by248

two back edges, contradicting our earlier conclusion. Consequently, the back edge from ` to249

w crosses all edges in T2, and no other back edges are incident to T2. J250

A new perspective: a spanning path T̃ with back paths. Let us note that a bicon-251

nected graph with KLX = 1 is a cycle, by Theorem 12. From now on, we exclude this case,252

and focus on characterising biconnected graphs with KLX exactly equal to 2.253

Let G be such a graph and T a KLX-minimum tree of G. By Lemma 14, every branch254

vertex b in T has at least one path-like subtree b→ · · · → `, with a unique back edge (`, v)255

that crosses the whole subtree. We refer to such a path b→ · · · → `→ v as a back path from256

b to v, and denote it by [b, v]. At the lowermost branch vertex — which exists as the graph257

is biconnected and not a cycle — both subtrees become back paths, and we consider also the258

other back edges, that do not participate in back paths, as special cases of this concept.259

Contracting the path-like subtrees to back paths yields now a reduced spanning tree, in260

fact a spanning path T̃ . The notions of edge crossings and the KLX number can be extended261

to T̃ , resulting in KLX(G, T̃ ) = KLX(G,T ). Note also that there are now no enveloping262

back paths, as the tree T̃ no longer contains branch vertices.263

Long back paths. We first remark that, as KLX(T̃ ) ≤ 2, no tree edge of T̃ can be crossed264

by more than two back paths. Consequently, the root r is incident to at most two back paths.265

MFCS 2026
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r
l2

l′1 l3 l′3

l′4l′2 = l4 r

l2

l′1 l3

l′2

l′3

l′4

Figure 3 (Left) A DFS tree of a biconnected graph with KLX = 2, consisting of four long back
paths [r, l′1], [l2, l′2], [l3, l′3], [l4, l′4] (drawn in dashed lines) and short back paths (dotted lines). (Right)
A structural version of the corresponding graph, where all edges are paths, and black edges may
contain cactus chains.

Let us then define a notion of long back paths by induction.266

267

Initialisation. The first long back path [l′1, l1] is defined as follows:268

(i) If r is incident to only one back path [u, r], we set [l′1, l1] = [u, r].269

(ii) If r is incident to two back paths [u1, r] and [u2, r], with u1 � u2, we set [l′1, l1] = [u2, r].270

Induction. Let [l′i, li] be lastly defined long back path, with li ≺ l′i.271

(i) If l′i is the single leaf of T̃ , then all long back paths have been defined.272

(ii) Otherwise, to avoid being an articulation point, the branch vertex l′ must be crossed by273

a back path, but no more than one, as KLX(T̃ ) ≤ 2. This unique back path [l′i+1, li+1]274

is defined as the next long back path. Moreover, li ≺ li+1 ≺ l′i ≺ l′i+1. For i = 1, it275

comes from the definition of the first long back path as the “longest” one. For i ≥ 2,276

the relation holds as [l′i, li] is the only back path to cross l′i−1, hence, li ≺ l′i−1 � li+1277

All long back paths, hence, satisfy the following relation:278

r = l1 ≺ l2 ≺ l′1 � l3 ≺ l′2 � l4 ≺ · · · ≺ l′p−2 � lp ≺ l′p−1 ≺ l′p, (1)279

Note that if ∆(G) = 4, then li+2 can be equal to l′i for all 1 ≤ i ≤ p − 2 (for instance, in280

Figure 3, l′2 = l4). Note however, that ∆(G) < 5 according to Lemma 11.281

Short back paths. Let us now classify the remaining back paths, called short back paths.282

By construction, for each 1 ≤ i ≤ p− 1, the tree path between li+1 and l′i is crossed by two283

long back paths, hence, no other back path can cross one of these edges.284

However, for each 2 ≤ i ≤ p − 1, if li+1 6= l′i−1, all edges along the tree path l′i−1T̃ li+1285

are crossed only by the long back path [l′i, li], allowing one more back path to cross them.286

By characterisation of graphs with KLX 1, the only remaining possibility at this location is287

arbitrarily many short back paths [k′i,1, ki,1], . . . , [k′i,m, ki,m] (m ≥ 0), aligned in series, as288

li ≺ l′i−1 � ki,1 ≺ k′i,1 � ki,2 ≺ k′i,2 � · · · � ki,m ≺ k′i,m � li+1 ≺ l′i (2)289

Finally, the only non-treated location are on the tree path between l1 and l2 and between290

l′p−1 and l′p. Similarly, the only possibility at these locations are arbitrarily many short back291

paths, aligned in series. We spot these short back paths with indices 1 and p, respectively.292

If p = 1: l1 � k1,1 ≺ k′1,1 � k1,2 ≺ k′1,2 � · · · � k1,m ≺ k′1,m � l′1 (3)293

If p ≥ 2:
{

l1 � k1,1 ≺ k′1,1 � k1,2 ≺ k′1,2 � · · · � k1,m ≺ k′1,m � l2
l′p−1 � kp,1 ≺ k′p,1 � k1,2 ≺ k′p,2 � · · · � kp,m ≺ k′p,m � l′p

294

295
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I Theorem 15 (Biconnected graph with KLX = 2). A biconnected graph G has KLX = 2 if296

and only if it admits a DFS path T̃ , and a partition of its back paths into long and short ones297

such that:298

(i) long back paths satisfy equation (1), and299

(ii) short back paths satisfy equations (2) and (3).300

Proof. The previous paragraphs prove the forward direction. In the opposite direction, a301

graph with a DFS path rooted at r, with long and short back paths satisfying all previous302

equations can be traversed in a way that no edge is enveloped or crossed by two back edges.303

Starting from the root r, enveloping can be avoided by first going straight down to the304

leaf bn and then visiting the back paths during the back traversal, as stated in the proof305

of Lemma 14. For example, Figure 3 illustrates that no tree edge is crossed by more than306

two back paths. Thus, this traversal results in a DFS tree with KLX = 2. Together, all307

arguments from this subsection prove Theorem 15. J308

I Corollary 16. A graph G has KLX ≤ 2 if and only if it admits a DFS tree T with the309

following structural properties:310

1. For each biconnected component C of G, the restriction of T to C is a DFS tree TC311

exhibiting the back-path structure characterised in Theorem 15.312

2. The articulation points linking each component C to the rest of the graph satisfy the313

following:314

Components with KLX = 2 are articulated only along the main tree path or along one315

of the last (either long or short) back paths of the corresponding DFS tree TC .316

All other articulation points connect exclusively to cactus subgraphs.317

Proof of Corollary 16. Let G be a graph with KLX ≤ 2, and T its associated KLX-minimum318

tree. Let C be such a biconnected component of G (if any).319

The previous characterisation of biconnected graph with KLX ≤ 2 (see Theorem 15)320

guarantees that T [C] has a specific structure of “spanning path”, as illustrated in Figure 3.321

Let us note this restricted DFS tree as TC .322

A key observation is that the traversal TC explores all tree edges before back paths,323

as established in Lemma 14. This lemma let only one non-defined order at the lowermost324

branching vertex. If this vertex is part of a short back path, then TC could visit it first,325

before the long back path.326

Let x ∈ VC be an articulation point, and let Hx denote the component attached at x. We327

analyse KLX(Hx, x) depending on the position of x in TC :328

1. x is on the main tree edge of TC . Then Hx is explored first during the DFS, while329

no back edge in C is open. Hence KLX(Hx, x) ≤ 2. After exploring Hx, all its back edges330

are closed (since x is an articulation point), and the remainder of C is unaffected.331

2. x is on a long back path (not last one). By the key observation, Hx is enveloped by332

the back edge opened by the previous back path. Since G has KLX 2, KLX(Hx, x) ≤ 1.333

3. x is on a short back path (not the last being crossed by the last long back334

path). As such a short back path is not the last one, it is crossed by a long back path.335

Therefore, Hx is enveloped by an edge open in a long back path and KLX(Hx, x) ≤ 1.336

4. x is on the last long back path. there are two subcases, depending on the order of T .337

The last short back path crossed by the last long back path contain an articulation338

point y such that KLX(Hy, y) = 2. In that case, the traversal should visit y first, as339

the final back path must not be open before exploring Hy. This means that Hx is340

enveloped, hence, KLX(Hx, x) ≤ 1.341
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Otherwise, the long back path can be explored first and KLX(Hx, x) ≤ 2.342

5. x is on the last short back path being crossed by the last long back path. This343

case mirrors the previous one. KLX(Hx, x) ≤ 1 whether there is an articulation point344

y on the last long back path such that KLX(Hy, y) = 2. Otherwise, if no such y exist,345

KLX(Hx, x) ≤ 2.346

Therefore, connected components with KLX 2 are only articulated along tree paths and347

along either the last long or short back paths of the DFS tree TC . All other articulation348

points must connect to KLX 1 components (i.e., only cactus subgraphs).349

This concludes the direct sense of the equivalence, the other is verified by construction. J350

3.4 Algorithms for recognising graphs with KLX ≤ 2351

For an algorithm recognising graphs with KLX ≤ 2, we first need three structural definitions:352

(i) A 2-high-degree cycle is a simple cordless cycle containing exactly two vertices of degree353

greater than 2.354

(ii) A ladder pattern is a sequence of simple cycles such that:355

No cycle contains a vertex of degree 5 or higher.356

Any two adjacent cycles in the sequence share exactly one common path.357

Non-adjacent cycles in the sequence share no common path.358

(iii) Let C1, . . . , Cp (with p ≥ 2) be a ladder pattern, and let (u1, d1), . . . , (up−1, dp−1) be359

the paths common to each pair of neighbouring cycles, such that all ui (respectively360

all di) lie on the same side of the ladder. This means that all paths from ui to ui+1361

belong only to Ci+1. A zigzag motif of the ladder pattern is then a sequence of edges of362

the form:363

{(v, d1), (u1, u2), (d2, d3), (u3, u4), . . . , (·, w)}, or364

{(v, u1), (d1, d2), (u2, u3), (d3, d4), . . . , (·, w)},365

where v and w are vertices located on one of the paths composed of degree 2 vertices,366

either between u1 and d1 or between up and dp, respectively.367

Algorithm 1 An algorithm recognising biconnected graphs with KLX ≤ 2

1: Check that there is no vertex of degree at least 5, and test whether KLX(G) ≤ 1.
2: Replace every 2-high-degree cycle by a path of length 2 between the two high degree

vertices. Proceed linearly, without using the “replaced” edges.
3: Verify that the resulting graph forms a ladder pattern.
4: Check the placement of the replaced cycles:

If the ladder pattern consists of a single cycle, accept if there is a vertex of degree 3.
Otherwise, verify that there exists a zigzag motif of the ladder pattern and that all
replaced cycles are correctly positioned along this zigzag motif.

I Proposition 17. A biconnected graph G passes all the steps of Algorithm 1 if and only if368

KLX(G) ≤ 2. Algorithm 1 has time complexity O(|V |+ |E|).369

Proof overview (full proof at [5]). We first show that 2-high-degree cycles correspond to370

short back paths. Once these are ignored, the graph must contain only long back paths371

according to Theorem 15, which in turn form exactly a ladder pattern.372

The remaining task is to ensure that the short back paths are properly located along the373

DFS path. If G passes all steps of Algorithm 1, we can reconstruct a DFS tree that satisfies374

Theorem 15. This DFS traversal follows the zigzag motif of the identified ladder pattern.375



C. Bourotte et al. 1:11

All steps run in linear time, as they rely primarily on DFS searches. J376

Overall, Algorithm 1 provides a structural characterisation of graphs with KLX = 2. Such a377

structure is presented in Figure 3, where short back paths are omitted and the ladder pattern378

is made explicit.379

I Proposition 18. Based on Corollary 16, there exists an algorithm that accepts a graph G380

if and only if KLX(G) ≤ 2. Moreover, it runs in time O(|V |+ |E|).381

Proof overview (full proof at [5]). We describe the main idea of the algorithm.382

Our goal is to verify the existence of a DFS tree T satisfying Corollary 16. We begin by383

decomposing G into its block-cut tree T . We then check that each biconnected component384

B satisfies KLX(B) ≤ 2 using Algorithm 1. As established in the proof of Proposition 17,385

passing Algorithm 1 ensures the existence, for each B, of a DFS tree TB satisfying Theorem 15.386

We further verify that the articulation points of B can be embedded in such a tree (possibly387

after a slight modification) so as to “locally” satisfy the constraints stated in Corollary 16.388

The remaining step is to combine the local DFS trees TB into a global DFS tree T of389

G. To this end, we determine, for each block B, the set of feasible root positions, and390

orient the edges of the block-cut tree T according to compatibility constraints between391

adjacent components. If these constraints are consistent—i.e., they define a valid orientation392

of T—then we can assemble the TB into a DFS tree T satisfying Corollary 16, and hence393

KLX(G) ≤ 2.394

All steps run in linear time. A key point is that only O(1) candidate DFS structures395

need to be considered for each block. This follows from the structural characterisation of396

Theorem 15, which restricts attention to a constant number of maximal zigzag patterns,397

together with the efficient handling of short back paths via articulation points. J398

4 An FPT algorithm for testing KLX ≤ k.399

Having designed linear-time algorithms for deciding whether a graph has KLX less than400

or equal to 0, 1, or 2, we now turn to testing whether KLX ≤ k, for a fixed integer k.401

In particular, we present a fixed-parameter tractable (FPT) algorithm with running time402

O(f(k) · (|V |+ |E|)) for this task.403

Algorithm 2 An FPT algorithm to test if a given graph is of KLX at most k.

Require: A graph G and an integer k ∈ N.
1: Test that TW(G) ≤ k + 1. If that is not the case, return false.
2: Build KLX≤k as written in the proof in Section 4.2
3: Test if G � KLX≤k, and return the result.

Given a graph G as input, this algorithm first ensures that the tree width of G is at most404

k + 1. By the inequality TW(G) ≤ KLX(G) + 1 shown in the following as Theorem 20, any405

graph with tree width greater than k + 1 must have KLX(G) ≥ k + 1, and can therefore be406

rejected. All graphs that pass Step 1 have bounded tree width, and hence, the following407

theorem by Courcelle applies.408

I Theorem 19 (Courcelle [6]). If ϕ is an MSO2 formula, then there exists an algorithm409

deciding whether a graph G of tree-width at most k satisfies ϕ in time O(f(ϕ, k) · (|V |+ |E|))410

for some computable function f .411

It remains to prove Theorem 20 and to show that the property “KLX(G) ≤ k” can be412

expressed by an MSO2 formula.413
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a

b

c

d
e

f
g

A DFS tree T with back edges

ab

bc
cd

de

cf

fg

Its line graph

a, b, d

b, c, d, g
c, d

d, e

c, d, f, g

d, f, g

The associated tree decomposition

Figure 4 Conversion from a DFS tree to a tree-decomposition. Each bag in the tree decomposition
is constructed from an edge of the DFS tree and augmented with vertices from back edges.

4.1 Tree-width as a lower bound on KLX414

Given a graph G = (VG, EG), a tree decomposition of G is a labelled tree L = (VL, EL) such415

that the vertices of VL, called bags, satisfy the following 3 properties:416

Every bag B ∈ VL is a subset of VG.417

For every edge {a, b} ∈ EG, there exists a bag B ∈ VL such that a, b ∈ B.418

For every vertex v ∈ VG, the set of bags containing v induces a connected subtree of L.419

Formally, for every v ∈ VG, we have that L[{B ∈ VL | v ∈ B}] is connected.420

The width of a tree decomposition L is maxB∈VL
|B| − 1. The tree-width of G, denoted by421

TW(G), is defined as the smallest width of a tree decomposition of G.422

I Theorem 20. For a graph G, TW(G) ≤ KLX(G) + 1.423

Proof. For this, we transform the ordered DFS into an edge-tree, somewhat reminiscent of a424

line graph. Let G be a graph such that KLX(G) = k, and let T be a directed DFS such that425

KLX(T ) ≤ k and denote v = C(G) its contour. Consider the line graph of T , defined as the426

graph T ′ whose vertices are the edges of T , VT ′ = ET and where two edges are adjacent if427

one is the direct child of the other, that is ET ′ =
{
{(x, y), (y, z)} : (x, y) ∈ ET ∧ (y, z) ∈ ET

}
.428

Recall how in a back edge (x, y), x ≺ y. For an edge e ∈ TE , denote by Odeep(e) :=429

{x : (x, y) ∈ O(e)} the set of all the “deeper sides” of the back edges that are open when430

visiting e. This will define our bags, and the intuition is that we keep the deeper side of the431

back-edges in the bag until we reach the second endpoint of the backward edge. For instance,432

in Figure 4, g is added to {c, f}, due to (g, b) crossing the edge {c, f} and d is also included433

because (d, a) envelops {c, f}, resulting in the bag {c, d, f, g}.434

For every vertex e = {u, v} of T ′, define the bag Be := Odeep(e)∪{u, v}. Therefore,|Be| ≤435

|O(e)| + 2 ≤ KLX(G) + 2. We now show that T ′ alongside the bags (Be)e is a tree436

decomposition of G.437

Property 1. By definition, every bag is a subset of VG.438

Property 2. For every edge e ∈ EG, there are two cases:439

If e ∈ ET , then the bag Be contains both endpoints x and y.440

If e = {x, y} /∈ ET , then it is a back edge. Suppose x ≺ y, and consider (c, y) the last441

edge of the path xTy. Since c 6= x because e /∈ ET , we have x ∈ Odeep({c, y}), and442

therefore x, y ∈ B{c,y}.443

Property 3. Remark that for all u ∈ VG, the list of the moments t in the contour such that444

u ∈ Odeep((τt, τt+1)) is an interval: it is a union of intervals all starting at the same445

point. That is, a union of intervals of the form [[a; bi]] with a the last occurrence of u in τ ,446

common to all intervals, and a serie of (bi)i. Since an interval of the contour is necessary447

a connected subtree of TE , this gives us the property.448
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>

⊥

>

⊥

⊥

> >

⊥ ⊥

u

v1 v2 v3 v4 v5

∈ C3
∈ C2

∈ C1

Figure 5 (Left) The encoding of a DFS tree by R1, R2, and R3. The solid edges represent >
and the dotted ones represent ⊥. (Right) The encoding of the order for k = 3. We only store the k
rightmost children edges in sets C1, C2, and C3. According to Lemma 22, if KLX(T ) ≤ k, only v3,
v4, and v5 may contain back edges (dotted edges) crossing u.

Therefore, TW(G) ≤ maxe |Be|−1 ≤ KLX(G)+1. The inequality is strict in some cases. J449

4.2 An MSO2 formula of KLX(G) ≤ k450

Monadic Second-Order logic (MSO2) is a logical framework that extends classical first-order451

logic by allowing quantification not only over individual vertices and edges, but also over452

sets of vertices and edges. A graph property P (G) is said to be MSO2-expressible if there453

exists an MSO2 formula ϕ such that G � ϕ if and only if P (G) holds.454

I Theorem 21. The property KLX≤k(G) := “KLX(G) ≤ k” is MSO2-expressible.455

The full proof is given in the appendix of the full version of the article on arXiv [5]. We456

outline here the main ideas. A key difficulty is that MSO2 cannot encode a total ordering457

of an unbounded number of children. However, the crucial observation is that only KLX458

children need to be ordered:459

I Lemma 22. Given a graph G with KLX(G) ≤ k, there exists an ordered DFS tree T of460

G with KLX(T ) ≤ k such that for every vertex x with children y1, ..., yd ordered from left to461

right, only the rightmost k may contain a back edge crossing x.462

Let k be the KLX value we want to test. The proof is split in four parts, each showing463

how to encode a concept into MSO2:464

Encoding of the DFS Tree. We define an MSO2 formula DFS(T, r,X) expressing that465

T is a DFS tree rooted at r. X is a “labelling” set used in the encoding to store for every466

vertex v the information of which neighbour is its parent. Specifically, we label every edge467

and vertex with either > or ⊥ according to 3 rules R1, R2, and R3:468

R1: The root of T is labelled >, and all edges incident to it are labelled ⊥.469

R2: For every edge (u, v) of T , the vertex u is labelled > if and only if the vertex v is470

labelled ⊥.471

R3: For every vertex, except the root, labelled with x ∈ {>,⊥}, exactly one incident472

edge, namely the edge to its parent, is labelled x.473

With this encoding, a path goes from a vertex to one of its ancestors if and only if it alternates474

between > and ⊥, as depicted in Figure 5. We can then test that every back edge (y, x)475

corresponds to x being an ancestor of y. We also give a MSO2 formula Parent(x, y) which476

tests if y is a parent of x.477

Encoding of the order. According to Lemma 22, we don’t need to encode the full order of478

the minimal-KLX tree, but only a part of it. We encode such an order of a DFS tree T using479

k sets C1, ..., Ck, with Ci representing the i-th last visited child. Each set Ci is equipped with480
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a formula Choice(Ci) ensuring that for all vertices u at most one of its children is “chosen”.481

We also require that all choices are distinct, which leads to a visiting order of the DFS tree:482

we first visit all non-chosen children before going into the children chosen by Ck, ..., C1 in483

this order, as illustrated in Figure 5.484

We also give the formula IsChoice such that IsChoice(Ci, u, v) tests if v is the child of u485

being “chosen” in Ci.486

Encoding of the open edges. We describe two rules X1 and X2 that define for every487

back edge (y, x) a set X(y,x) containing all tree edges where (y, x) is open. Specifically, X1488

refers to the edges being crossed by (y, x) and X2 refers to the edges being enveloped by it.489

Formally, X(y,x) is the smallest set of edges satisfying:490

X1. All tree edges in the path from y to x along T are contained in X(y,x).491

X2. For every vertex u strictly inside the path from y to x, denote ck, ..., c1 the choices492

at u, there is a (ci, u) ∈ X(y,x) and for all j < i, T (cj) ⊆ X(y,x)493

We then check that our rules are consistent: if T, r,X,C1, ..., Ck is an encoding of a DFS tree494

respecting all previously mentioned rules, with Ci choosing the i-th last child, then X(y,x)495

corresponds exactly to the set of edges where (y, x) is open.496

Encoding of the KLX. Finally, we need to count how many back edges are open at the497

same time. To that end, we define a series of k edge sets E1, ..., Ek ⊆ EG such that every498

back edge e finds a unique i with e ∈ Ei. Intuitively, each Ei represents one “slot” for499

simultaneously open back edges. If a back edge e = (y, x) belongs to Ei, we require that500

X(y,x) ⊆ Ei. This guarantees that no two back edges assigned to the same Ei are open501

simultaneously, and thus enforces KLX(T,G) ≤ k.502

Formally, we describe three rules E1, E2 and E3 that E1, ..., Ek must satisfy:503

E1. For all back edge e, there is an i with e ∈ Ei.504

E2. For all tree edges e, we have e ∈ Ei if and only if there exists a back edge e′ such505

that e ∈ Xe′ and e′ ∈ Ei.506

E3. For all pair of back edges e, e′, if e, e′ ∈ Ei, then Xe ∩Xe′ = ∅.507

Putting everything together, we show that G satisfies KLX(G) ≤ k if and only if there exist508

the variables T, r,X,C1, . . . , Ck, E1, . . . , Ek satisfying all above constraints. This yields an509

MSO2 formula of the proposition KLX≤k.510

4.3 Concluding remarks511

Algorithm 2 serves as a proof for the following theorem.512

I Theorem 23. For all k ∈ N, there exists an O(f(k) · (|V | + |E|)) algorithm that tests513

whether a graph G has KLX number at most k.514

Let us analyse the complexity of Algorithm 2. Testing TW(G) ≤ k + 1 (step 1) can515

be done in running time complexity 2O(k3) · (|E|+ |V |) [2]. Notice that depending on how516

one applies Courcelle’s theorem (with or without a tree-decomposition), one may not even517

need to run Step 1. An approximation algorithm can also be used, as just testing that the518

tree-width is bounded is the only goal of this step. Step 2 is constant-time as the formula519

KLX≤k does not depend either on the graph or on the DFS tree. Due to Courcelle’s Theorem,520

Step 3 can be done in O(f(KLX≤k, k) · (|V |+ |E|)). Therefore, the overall complexity is in521

O(g(k) · (|V |+ |E|)) with g(k) = 2O(k3) + f(KLX≤k, k + 1), linear time.522

Although this algorithm as such is unlikely to serve any practical use, due to the worse-523

than-exponential dependency on k, the result suggests that further work could uncover usable524

versions of the algorithm.525
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