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—— Abstract

We explore a new graph parameter, KLX number, which quantifies the minimum edge congestion of
depth-first search (DFS) traversals of a given graph. Originally motivated by a problem in RNA
nanostructure design, this parameter is also of independent theoretical interest. Informally, the KLX
number of a graph is defined as the minimum, over all its DFS traversals, of the maximum number
of back edges that are simultaneously open during the traversal.

We provide full characterisations and linear-time recognition algorithms for graphs with KLX
numbers 0, 1 and 2. We also relate KLX to tree-width, proving that any graph satisfies TW < KLX+1.
Furthermore, we show that the property KLX < k is MSOgz-expressible for every fixed k. Combined
with the tree-width bound, this result implies that determining whether a graph has KLLX number
at most k£ can be achieved in linear time for any constant k.
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1 Introduction

1.1 Background

In this paper we investigate the minimum “congestion” of depth-first graph traversals, in
the sense of how many back edges are simultaneously open (discovered but not concluded)
at any point during the traversal. This concept is analogous to the notion of spanning tree
congestion introduced by Ostrovskii [12], but is specific to ordered DFS trees, and addresses
the dynamic traversal process rather than the static DFS tree.

Our interest in this concept was spurred by a practical problem in RNA nanotechno-
logy [13], viz. minimising the number of kissing-loop connector motifs in the algorithmic
design of co-transcriptionally folding RNA wireframe nanostructures [7, 8, 11].

(a (b) (c) (d)

Figure 1 A spanning-tree based design scheme for RNA wireframe nanostructures. (a) Targeted
wireframe model. (b) A spanning tree and strand routing of the wireframe graph. (c) Routing-based
helical and kissing-loop pairings. (d) Nucleotide-level model. (Adapted with permission from [7].)

In this design task, one starts with a graph model G that represents the targeted wireframe
nanostructure (Figure 1(a)), and then designs an initial route for the RNA strand by a
traversal around some spanning tree T’ of G (blue curve in Figure 1(b)). This establishes an
RNA base-pairing scheme for creating the tree T, but omits the co-tree edges (dashed red
lines in Figure 1(b)). These are grafted to the design by extending the strand routing by two
half-edges from both end-vertices of each co-tree edge, and terminating these extensions in
“kissing loop” (KL) pairs with pairwise matching base sequences (Figure 1(c)). Figure 1(d)
presents a helix-level model of the resulting nanostructure.

In nature, RNA is transcribed from a DNA template by a polymerase enzyme molecule
and folds co-transcriptionally, that is, already while being transcribed. This opens up the
possibility of reusing the KL base-pair sequences, because once a transcribed KL pair has
closed, there is no longer a risk of mispairings from introducing another copy of the same
sequence pair. This opportunity is potentially significant for large structures and motivates
interest in cotranscriptional designs with a minimum number of simultaneously open KL
pairs, that is, graph traversals with a minimum number of simultaneously open co-tree edges.

Co-transcriptional folding also has a downside: if the scheduling of the KL pairings
relative to the helix transcriptions is bad, it is possible that the polymerase molecule becomes
“trapped” by a KL pair that closes too early, and the winding of the downstream helices
cannot be completed [9]. Surprisingly, this kinetic folding trap can be decisively avoided in
wireframe designs if and only if the spanning tree used for routing is a DFS tree [11].

Accordingly, and following [11], we define the KLX (“kissing loop crossing”) number of a
graph G as the minimum number of simultaneously open back edges in any DFS traversal
of G, and aim to characterise and recognise those graphs that can be constituted with a
small KLX number. Even though this parameter thus has an application-driven origin, it
connects to the broad literature on edge congestion problems, e.g. [3, 10, 12].
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1.2 Structure of the paper

After introducing some preliminaries in Section 2, we provide characterisations of graphs with
small KLX values in Section 3. Specifically, we show that: graphs with KLX < 1 are cactus
graphs, and graphs with KLX < 2 admit an explicit, linear-time decidable characterisation.
Computing the KLX value is known to be NP-hard [11], but in Section 4 we establish
the existence of a linear-time fixed-parameter tractable (FPT) algorithm to test whether
KLX < k for any constant k. Our approach is based on Courcelle’s Theorem [6], and consists
of two key steps: we prove that the tree-width TW of any graph satisfies TW < KLX + 1,
and we demonstrate that the condition KLX < k is MSOs-expressible. All proofs that have
been omitted or abridged in this paper are available in the full version of the article at [5].

2 Preliminaries

All graphs G = (V, E) considered in this paper are connected and simple. We denote by
deg(x) the degree of a vertex € V, and by §(G) and A(G) the minimum and maximum
degrees of vertices in G. For S C V, we denote by G[S] the subgraph of G induced by the
vertices in S. We use the notation |C| for the length of a sequence, path or cycle C'.

A graph G = (V, E) is k-(vertez-)connected if |V| > k and G cannot be disconnected by
removing fewer than k vertices. A 2-connected graph is also called biconnected. By k(G),
we denote the largest integer k£ such that G is k-connected. The k-edge-connectivity and
the notation A\(G) are the edge analogues. By k-connectedness, we always mean k-vertex-
connectedness. It is well known that k(G) < MG) < §(G). A biconnected component or block
of GG is a maximal biconnected subgraph. Any graph decomposes into a tree of biconnected
components, known as the block-cut tree of the graph [4].

Starting from a vertex r and traversing GG in a depth-first manner yields a spanning tree
T for G of a special kind, called a DFS tree or a Trémauzx tree, rooted at r. The unique
path between two vertices x and y in T is denoted by zT'y, and the subtree rooted at z is
denoted by T'(x). The root r induces a partial tree order < on the vertices of G, where u < v
if u € rTv (equivalently if v € T'(u)). The root is the unique minimum element of this order.

A vertex that is neither a leaf nor the root is called internal, and an internal vertex of
degree at least three in T is called a branch vertex. We note the following simple lemma.

» Lemma 1. The root of a DF'S tree of a biconnected graph is incident to only one tree edge
and is thus not a branch vertex.

The edges of G are classified in two types: tree edges, which belong to T, and back edges,
which do not. This nomenclature is justified by the property that, in a DFS tree, any back
edge connects a vertex v to one of its ancestors, i.e., a vertex in rTv. We consider back edges
as oriented correspondingly and write (v, u) for a back edge where u < v. In contrast, we
use curly brackets for tree edges, such as {z,y}.

A DFS tree T is ordered if an ordering is specified for the children of each vertex. Each
such ordering corresponds to a unique DFS traversal process that results in the tree T.
Throughout the paper, when depicting an ordered tree, we assume that the children of a
vertex are visited from left to right.

Given an ordered DFS tree T, its traversal or (DFS-)contour is the list of occurrences of
its vertices on the tree tour. Formally, the traversal 7(T) of an ordered DFS tree T with root
r is defined recursively as 7(r), where 7(u) = w if v is a leaf, and 7(u) = ur(v1) w - - - uT(vg) u,
if u is a vertex with children vy, ..., vy ordered left to right. Note that in a traversal, every
tree edge {x,y} occurs twice, once in orientation x — y and once in orientation y — x.
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a
c f
de” b ey
Graph G; Graph G2 Graph G35

Arc diagram of 7(T3)

Figure 2 Three graphs G1, G2, and G3, along with an ordered DFS tree T5 of G5 rooted at a
and the corresponding arc diagram.

Given a DFS traversal 7(T'), the corresponding arc diagram is constructed by laying out
all the vertex occurrences of 7(T) in an oriented line, and representing each back edge (v, u)
as an arc from the last occurrence of v in 7(T') to the next occurrence of u after the last
occurrence of v—which exists as u < v in T'. An arc diagram is illustrated in Figure 2.

» Definition 2 (KLX). Let e = {z,y} be a tree edge of an ordered DFS tree T, with x < y.
The set O(e) of open (back) edges for e is defined as the set of back edges (v,u) for
which the oriented edge y — x is contained in the arc diagram interval between the respective
occurrences of v and u.

We define KLX(T) = KLX(G,T) = maxeecp, |O(e)| and KLX(G) = miny KLX(G,T),
where the minimisation is over all ordered DFS trees T of G. An (ordered) DFS tree T* that
satisfies KLX(G, T*) = KLX(G) is a« KLX-minimum tree of G.

For instance, in the arc diagram of Figure 2, we have O({¢,d}) = {(d,b)} and O({b, f}) =
{(¢,a),(g,b), (f,a)}. In this case, KLX(T3) = 3.

» Remark 3. A graph has KLLX = 0 if and only if it is a tree, as in this case there are no
back edges.

» Example 4. Figure 2 presents three graphs G1, G, and G3, with KLX numbers 1, 2, and
3, respectively. The KLX values can be verified by full enumerations of the respective DFS
trees, but the present paper also provides simpler techniques. Graph G is not a tree but
a “cactus,” and hence has KLX = 1 (Theorem 12). Graph G5 admits a path-like DFS tree
that fits a characterisation of KLX = 2 graphs in Theorem 15. Graph G35 does not satisfy
the conditions of Theorem 15, and thus has KLX(G35) > 3. Since we have just observed that
KLX(G35,T3) = 3, we can conclude that in fact KLX(G3) = 3.

The back edges in O(e) can be classified in two types, based on their relation to the tree
edge e. We say that a back edge (v, u):
(i) crosses the edge e if e € uTv;
(ii) envelops the edge e if there exists a branch vertex x € uTv with z # w,v, and
with children wq,ws such that w; precedes we, v € T'(w;), and either e € T'(wsy) or
e ={x,ws}.
Similarly, we say that a back edge (v,u) crosses a vertex x if x € uTv and = # u,v.
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For example, in the ordered DFS tree T3 and its arc diagram in Figure 2, among the
three back edges in O({b, f}), the edges (g,b) and (f,a) are crossing, and the edge (¢, a) is
enveloping.

This classification of back edges suggests the following simple lower bound for the KLX
number, obtained by taking into account only the crossing edges.

» Definition 5 (DFS tree congestion). For a tree edge e in a DFS tree T of a graph G, we
define its (DFS-tree) congestion dtc(e) as the number of back edges (v,u) that cross e.
The congestion of a DFS tree T is then defined as DTC(T) = DTC(G,T) = max.cr dtc(e),
and that of a graph G as DTC(G) = miny DTC(G,T).

We observe that the value of DTC(T) is independent of the traversal order of the tree
T, and thus the quantity DTC(G) matches Ostrovskii’s spanning tree congestion parameter
ste [12], when the latter is restricted to DFS trees and adjusted by —1.

» Proposition 6. For any graph G, DTC(G) < KLX(G). Moreover, there exist graphs for
which this inequality is strict.

The strictness of the lower bound is demonstrated e.g. by the biconnected graph G35 in
Figure 2, where from Example 4 we know that KLX(G3) = 3, and DFS tree T3 witnesses
that DTC(G) < 2.

3 Characterisations of graphs with KLX <1 and KLX < 2

In this section we provide characterisations of graphs with KLX number less than or equal
to two. We begin by establishing some foundational lemmas, and then build on these to
obtain the targeted characterisations. Finally, we present linear-time algorithms to decide
whether a given graph satisfies KLX < 2.

3.1 Some preliminary lemmas
» Lemma 7. A block (biconnected component) B of a graph G satisfies KLX(B) < KLX(G).

Proof. Let T be a KLX-minimum tree of G, and let B be a block of G. Consider the subtree
T[Vg] of T induced by the vertices of B. Since B is biconnected, all paths in G between
vertices of B lie entirely within B. Consequently, T[Vg] is connected and acyclic, and thus
forms a spanning tree (and hence an ordered DFS tree) of B. By the definition of KLX, the
inequality KLX(B) < KLX(B,T[Vg]) < KLX(G) holds. <

» Lemma 8. Let k > 2, and let T be a DFS tree of a k-connected graph, rooted at a vertex r.
Any subtree of T rooted at a child of a vertex v is then connected to the path rTv by at least
k — 1 back edges. Moreover, unless v =1, at least one back edge from each subtree crosses
the tree edge between v and its parent.

Proof. Suppose, for a contradiction, that for some subtree of T" rooted at a child of v there are
at most k& — 2 such back edges. Cutting all these back edges, along with the tree edge between
v and the respective child, would disconnect G. This would imply «(G) < A\(G) < k —1,
contradicting the k-connectivity of G.

Regarding the second statement, without such a crossing back edge, removing vertex v
would disconnect the subtree from the rest of GG, contradicting the biconnectivity of G. <«

» Corollary 9. In a DFS tree T of a biconnected graph G every vertex has at most DTC(T') <
KLX(T) children.
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» Lemma 10. Let G be a biconnected graph and T a DFS tree of G. Then any vertex
of G has degree at most KLX(T) + 1 if it is the root or a leaf of T, and degree at most
2-KLX(T) + 1 if it is an internal and not a branch vertex of T.

Proof. If a vertex is a leaf, only one of its incident edges belongs to T. All others incident
edges are back edges, and are crossing the tree edge adjacent to the leaf. Thus, the degree of
a leaf cannot exceed KLX(T') + 1. The biconnectivity of G implies that the root is not a
branching vertex (as noted in Lemma 1), allowing the same argument to be applied to the
root.

Let us consider an internal vertex u that is not a branch vertex. In order for u not to be
an articulation point, some back edge e must cross both the tree edges above and below wu.
If u had 2 - KLX(T) + 1 or more incident edges, of which only two belong to T, one of the
tree edges above or below u would be crossed by at least KLX(T) back edges. Adding the
back edge e, this would contradict the definition of KLX(T'). Hence, the degree of an internal
vertex that is not a branch vertex is at most 2 - KLX(T') + 1. <

» Lemma 11. Let G be a biconnected graph with A(G) > @ + 2 for some k > 1. Then
KLX(G) > k+ 1.

Proof. Suppose, for a contradiction, that there is a DFS tree T of G such that KLX(T) < k.
According to Lemma 10, any vertex that is the root or a leaf of T" has degree at most k + 1,
and any internal vertex that is not a branch vertex of T has degree at most 2k + 1. It thus
now suffices to show that any other (branch) vertex of T has degree at most k(kT’Ll) +1to
get a contradiction with the assumption on A(G).

By Corollary 9 the number of children of any branch vertex of T is bounded by KLX(T).
Let b be a branch vertex with p < k children. Since T' cannot branch at its root (Lemma 1),
b has a parent. Let e € T' be the edge connecting b to its parent, and let e, --- ,e, € T be
the edges connecting b with its children. Without loss of generality, assume that the traversal
of T explores e; first, es second, and so on.

The remaining edges incident to b, if any, are back edges and must cross e, ey, ..., or .
As G is biconnected, for all 1 < i < p, there exists a back edge spanning from the subtree
below the i-th child to crossing e (Lemma 8). Moreover, this i-th back edge envelops the
edges €;11, - ,ep and all edges below them. Therefore, e; and e can be crossed by at most
k — i and k — p more back edges, respectively. Hence, the degree of the branch vertex b is at
most

P 2
. 1 1 k(k+1) 9  k(k+1)
pHl+k—p+> (k:—z):—( —(k—)) +———+-<———+1
o 2 2 2 8 2

3.2 Characterisation of graphs with KLX <1
A graph G is a cactus graph if every block of G is either an edge or a cycle [1].
» Theorem 12. A graph G has KLX(G) < 1 if and only it is a cactus graph.

Proof. For the only-if direction, Lemma 7 implies that every block B of G satisfies KLX(B) <
1. Applying Lemma 11 with & = 1, no block involves a vertex with degree 3 or greater.
Therefore, each block B must be either an edge or a simple cycle. Thus, G is a cactus graph.

For the other direction, given a cactus graph G, we construct a DFS traversal of G in
which any tree edge is crossed by at most one back edge and enveloping never occurs. The
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traversal can start at an arbitrary vertex. After the traversal enters a cycle block C' via
some articulation point u, it prioritises visiting the neighbour blocks of C' (if any) in the
block-cut tree before continuing along the cycle C'. By this strategy, the only back edge
ever open in C' is the one connecting the final vertex of C' back to u, which closes when the
traversal returns back to u. Thus, at most one back edge in G is open at any time, and
hence KLX(G) < 1. <

» Corollary 13. There is an O(|V |+ |E|) algorithm to test whether a graph has KLX < 1.

3.3 Characterisation of graphs with KLX < 2

In the following, we first provide a structural characterisation of biconnected graphs with
KLX = 2, and then generalise this result to general graphs.

» Lemma 14. Let T be a DFS tree of a biconnected graph G with KLX(T) < 2. Then any

branch vertex b has only two children in T, and at least one of the subtrees rooted at them

has the following properties:

1. The subtree is a path (contains no further branch vertices).

2. All of the subtree is crossed by a single back edge that connects its (unique) leaf to an
ancestor of b. No other back edges are incident to the subtree.

Proof. Firstly, b is not the root of T' (Lemma 1) and has only two children (Corollary 9).
Let T, T3 denote the two subtrees rooted at these children and assume, without loss of
generality, that in the ordering of T that yields KLX(T') < 2, tree T} precedes tree Ts.

By Lemma 8, there exists at least one back edge from T} to an ancestor of b that envelops
all edges in T5. This entails that no edge in 75 can be crossed by more than one back edge.
As a result, T can not contain a branch vertex, as the edge from the branch vertex to its
parent would be crossed by two back edges (Lemma 8). Consequently, T» must be a path.

Secondly, the unique leaf ¢ of T5 must be incident to a back edge lest its parent be an
articulation point. And the other endpoint w of this back edge must lie above the branch
vertex b; otherwise, to prevent w from being an articulation point, another back edge would
need to cross w. But then the tree edge connecting w to its only child would be crossed by
two back edges, contradicting our earlier conclusion. Consequently, the back edge from £ to
w crosses all edges in 75, and no other back edges are incident to T5. |

A new perspective: a spanning path T with back paths. Let us note that a bicon-
nected graph with KLX =1 is a cycle, by Theorem 12. From now on, we exclude this case,
and focus on characterising biconnected graphs with KLX exactly equal to 2.

Let G be such a graph and 7" a KLX-minimum tree of G. By Lemma 14, every branch
vertex b in T has at least one path-like subtree b — - -+ — ¢, with a unique back edge (¢, v)
that crosses the whole subtree. We refer to such a path b — --- — ¢ — v as a back path from
b to v, and denote it by [b,v]. At the lowermost branch vertex — which exists as the graph
is biconnected and not a cycle — both subtrees become back paths, and we consider also the
other back edges, that do not participate in back paths, as special cases of this concept.

Contracting the path-like subtrees to back paths yields now a reduced spanning tree, in
fact a spanning path 7. The notions of edge crossings and the KLX number can be extended
to T, resulting in KLX(G,T) = KLX(G,T). Note also that there are now no enveloping

back paths, as the tree T' no longer contains branch vertices.

Long back paths. We first remark that, as KLX(T) < 2, no tree edge of T' can be crossed
by more than two back paths. Consequently, the root r is incident to at most two back paths.
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- - o

Figure 3 (Left) A DFS tree of a biconnected graph with KLX = 2, consisting of four long back
paths [r, 1], [l2, I5], [I3, 3], [l4, 4] (drawn in dashed lines) and short back paths (dotted lines). (Right)
A structural version of the corresponding graph, where all edges are paths, and black edges may
contain cactus chains.

Let us then define a notion of long back paths by induction.

Initialisation. The first long back path [1},1] is defined as follows:
(i) If r is incident to only one back path [u,r], we set [I],1;] = [u,r].
(ii) If r is incident to two back paths [u1,7] and [ug,r], with u; =< ug, we set [I], 1] = [uz, 7]

Induction. Let [I},1;] be lastly defined long back path, with I; < I..

(i) If I/ is the single leaf of T', then all long back paths have been defined.

(ii) Otherwise, to avoid being an articulation point, the branch vertex I’ must be crossed by
a back path, but no more than one, as KLX(T) < 2. This unique back path [I}, 1, li41]
is defined as the next long back path. Moreover, I; < li11 <[ < lj,,. Fori=1,it
comes from the definition of the first long back path as the “longest” one. For i > 2,

the relation holds as [I},1;] is the only back path to cross I;_;, hence, I; < 1}_; <141
All long back paths, hence, satisfy the following relation:

r=l <l < 3 <1y <<

oo Xy <1,y <1, (1)

Note that if A(G) = 4, then [;12 can be equal to I for all 1 < i < p — 2 (for instance, in
Figure 3, I} = l4). Note however, that A(G) < 5 according to Lemma 11.

Short back paths. Let us now classify the remaining back paths, called short back paths.
By construction, for each 1 < i < p — 1, the tree path between l;;1 and I} is crossed by two
long back paths, hence, no other back path can cross one of these edges.

However, for each 2 < ¢ <p—1,if [;;1 # l;_;, all edges along the tree path 1271T1i+1
are crossed only by the long back path [I},;], allowing one more back path to cross them.
By characterisation of graphs with KLX 1, the only remaining possibility at this location is
arbitrarily many short back paths [k} 1, ki1], ..., [k} ., kim] (m > 0), aligned in series, as

i,m?

l; < l;_l < ki.,l < k;,l < k@g =< k§’2 <... =< ki,m < kLm = li+1 < l; (2)

Finally, the only non-treated location are on the tree path between [; and I and between
l;71 and l;,. Similarly, the only possibility at these locations are arbitrarily many short back
paths, aligned in series. We spot these short back paths with indices 1 and p, respectively.

pr =1: 1 = ]{71’1 =< ]{7/1’1 =< ]{71’2 =< k'/LQ e kl,m < k/l,m = lll (3)
p> 2 { Sk <Ky Skio <Ko= Sk <K, 2

;71 <kp1 < k;J <kio <kpo = Sy <k, 21

AT A
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» Theorem 15 (Biconnected graph with KLX = 2). A biconnected graph G has KLX = 2 if
and only if it admits a DFS path T, and a partition of its back paths into long and short ones
such that:

(i) long back paths satisfy equation (1), and

(ii) short back paths satisfy equations (2) and (3).

Proof. The previous paragraphs prove the forward direction. In the opposite direction, a
graph with a DFS path rooted at r, with long and short back paths satisfying all previous
equations can be traversed in a way that no edge is enveloped or crossed by two back edges.
Starting from the root r, enveloping can be avoided by first going straight down to the
leaf b,, and then visiting the back paths during the back traversal, as stated in the proof
of Lemma 14. For example, Figure 3 illustrates that no tree edge is crossed by more than
two back paths. Thus, this traversal results in a DFS tree with KLX = 2. Together, all
arguments from this subsection prove Theorem 15. |

» Corollary 16. A graph G has KLX < 2 if and only if it admits a DFS tree T with the
following structural properties:
1. For each biconnected component C of G, the restriction of T to C is a DFS tree T¢
exhibiting the back-path structure characterised in Theorem 15.
2. The articulation points linking each component C to the rest of the graph satisfy the
following:
Components with KLX = 2 are articulated only along the main tree path or along one
of the last (either long or short) back paths of the corresponding DFS tree Tc.
All other articulation points connect exclusively to cactus subgraphs.

Proof of Corollary 16. Let G be a graph with KLX < 2, and T its associated KLX-minimum
tree. Let C be such a biconnected component of G (if any).
The previous characterisation of biconnected graph with KLX < 2 (see Theorem 15)

guarantees that T[C] has a specific structure of “spanning path”, as illustrated in Figure 3.

Let us note this restricted DFS tree as T¢.

A key observation is that the traversal T explores all tree edges before back paths,
as established in Lemma 14. This lemma let only one non-defined order at the lowermost
branching vertex. If this vertex is part of a short back path, then T could visit it first,
before the long back path.

Let x € Vi be an articulation point, and let H, denote the component attached at x. We

analyse KLX(H,,z) depending on the position of x in T¢:

1. x is on the main tree edge of T. Then H, is explored first during the DFS, while
no back edge in C' is open. Hence KLX(H,,z) < 2. After exploring H,, all its back edges
are closed (since z is an articulation point), and the remainder of C' is unaffected.

2. x is on a long back path (not last one). By the key observation, H, is enveloped by
the back edge opened by the previous back path. Since G has KLX 2, KLX(H,,z) < 1.

3. z is on a short back path (not the last being crossed by the last long back

path). As such a short back path is not the last one, it is crossed by a long back path.

Therefore, H, is enveloped by an edge open in a long back path and KLX(H,, z) < 1.

4. x is on the last long back path. there are two subcases, depending on the order of T

The last short back path crossed by the last long back path contain an articulation
point y such that KLX(H,,y) = 2. In that case, the traversal should visit y first, as
the final back path must not be open before exploring H,. This means that H is
enveloped, hence, KLX(H,,z) < 1.
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Otherwise, the long back path can be explored first and KLX(H,,z) < 2.
5. x is on the last short back path being crossed by the last long back path. This
case mirrors the previous one. KLX(H,,z) < 1 whether there is an articulation point
y on the last long back path such that KLX(H,,y) = 2. Otherwise, if no such y exist,
KLX(H,,z) < 2.

Therefore, connected components with KLX 2 are only articulated along tree paths and
along either the last long or short back paths of the DFS tree Tx. All other articulation
points must connect to KLX 1 components (i.e., only cactus subgraphs).

This concludes the direct sense of the equivalence, the other is verified by construction. <

3.4 Algorithms for recognising graphs with KLX < 2

For an algorithm recognising graphs with KLX < 2, we first need three structural definitions:
(i) A 2-high-degree cycle is a simple cordless cycle containing exactly two vertices of degree
greater than 2.
(ii) A ladder pattern is a sequence of simple cycles such that:
No cycle contains a vertex of degree 5 or higher.
Any two adjacent cycles in the sequence share exactly one common path.
Non-adjacent cycles in the sequence share no common path.
(iii) Let Cq,...,C, (with p > 2) be a ladder pattern, and let (u1,d1), ..., (up—1,dp—1) be
the paths common to each pair of neighbouring cycles, such that all u; (respectively
all d;) lie on the same side of the ladder. This means that all paths from w; to w;11
belong only to C;+1. A zigzag motif of the ladder pattern is then a sequence of edges of
the form:
{(U, d1), (Ul, Ug), (dg, d3), (’LLg, U4), ey (', ’LU)}, or
{(1}, ul)v (dlv d2)’ (U‘?’ U3), (d37 d4)7 R ('7 w)}v
where v and w are vertices located on one of the paths composed of degree 2 vertices,
either between u; and d; or between u, and d,,, respectively.

Algorithm 1 An algorithm recognising biconnected graphs with KLX < 2

1: Check that there is no vertex of degree at least 5, and test whether KLX(G) < 1.
: Replace every 2-high-degree cycle by a path of length 2 between the two high degree
vertices. Proceed linearly, without using the “replaced” edges.

: Verify that the resulting graph forms a ladder pattern.

4: Check the placement of the replaced cycles:
If the ladder pattern consists of a single cycle, accept if there is a vertex of degree 3.
Otherwise, verify that there exists a zigzag motif of the ladder pattern and that all
replaced cycles are correctly positioned along this zigzag motif.

[\

w

» Proposition 17. A biconnected graph G passes all the steps of Algorithm 1 if and only if
KLX(G) < 2. Algorithm 1 has time complezity O(|V| + |E|).

Proof overview (full proof at [5]). We first show that 2-high-degree cycles correspond to
short back paths. Once these are ignored, the graph must contain only long back paths
according to Theorem 15, which in turn form exactly a ladder pattern.

The remaining task is to ensure that the short back paths are properly located along the
DF'S path. If G passes all steps of Algorithm 1, we can reconstruct a DFS tree that satisfies
Theorem 15. This DFS traversal follows the zigzag motif of the identified ladder pattern.
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All steps run in linear time, as they rely primarily on DFS searches. |

Overall, Algorithm 1 provides a structural characterisation of graphs with KLX = 2. Such a
structure is presented in Figure 3, where short back paths are omitted and the ladder pattern
is made explicit.

» Proposition 18. Based on Corollary 16, there exists an algorithm that accepts a graph G
if and only if KLX(G) < 2. Moreover, it runs in time O(|V| + |E|).

Proof overview (full proof at [5]). We describe the main idea of the algorithm.

Our goal is to verify the existence of a DFS tree T satisfying Corollary 16. We begin by
decomposing G into its block-cut tree 7. We then check that each biconnected component
B satisfies KLX(B) < 2 using Algorithm 1. As established in the proof of Proposition 17,
passing Algorithm 1 ensures the existence, for each B, of a DFS tree Tz satisfying Theorem 15.
We further verify that the articulation points of B can be embedded in such a tree (possibly
after a slight modification) so as to “locally” satisfy the constraints stated in Corollary 16.

The remaining step is to combine the local DFS trees Tz into a global DFS tree T' of
G. To this end, we determine, for each block B, the set of feasible root positions, and
orient the edges of the block-cut tree 7 according to compatibility constraints between
adjacent components. If these constraints are consistent—i.e., they define a valid orientation
of T—then we can assemble the T into a DFS tree T satisfying Corollary 16, and hence
KLX(G) < 2.

All steps run in linear time. A key point is that only O(1) candidate DFS structures
need to be considered for each block. This follows from the structural characterisation of
Theorem 15, which restricts attention to a constant number of maximal zigzag patterns,
together with the efficient handling of short back paths via articulation points. |

4 An FPT algorithm for testing KLX < k.

Having designed linear-time algorithms for deciding whether a graph has KLX less than

or equal to 0, 1, or 2, we now turn to testing whether KLX < k, for a fixed integer k.

In particular, we present a fixed-parameter tractable (FPT) algorithm with running time
O(f(k) - (V| +|E])) for this task.

Algorithm 2 An FPT algorithm to test if a given graph is of KLX at most k.

Require: A graph G and an integer k£ € N.
1: Test that TW(G) < k + 1. If that is not the case, return false.
2: Build KLX<j as written in the proof in Section 4.2
3: Test if G F KLX<j, and return the result.

Given a graph G as input, this algorithm first ensures that the tree width of G is at most
k + 1. By the inequality TW(G) < KLX(G) + 1 shown in the following as Theorem 20, any
graph with tree width greater than k + 1 must have KLX(G) > k + 1, and can therefore be
rejected. All graphs that pass Step 1 have bounded tree width, and hence, the following
theorem by Courcelle applies.

» Theorem 19 (Courcelle [6]). If ¢ is an MSOs formula, then there exists an algorithm
deciding whether a graph G of tree-width at most k satisfies ¢ in time O(f(p, k) - (V]| + |E|))
for some computable function f.

It remains to prove Theorem 20 and to show that the property “KLX(G) < k” can be
expressed by an MSOs formula.
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ab
bc
cd cf
de Ig
A DFS tree T with back edges Its line graph The associated tree decomposition

Figure 4 Conversion from a DFS tree to a tree-decomposition. Each bag in the tree decomposition
is constructed from an edge of the DFS tree and augmented with vertices from back edges.

4.1 Tree-width as a lower bound on KLX

Given a graph G = (Vg, Eg), a tree decomposition of G is a labelled tree L = (Vi,, E) such
that the vertices of V7, called bags, satisfy the following 3 properties:
Every bag B € V7, is a subset of V.
For every edge {a,b} € Eg, there exists a bag B € Vi, such that a,b € B.
For every vertex v € V5, the set of bags containing v induces a connected subtree of L.
Formally, for every v € Viz, we have that L[{B € Vi, | v € B}] is connected.
The width of a tree decomposition L is maxpey, |B| — 1. The tree-width of G, denoted by
TW(Q), is defined as the smallest width of a tree decomposition of G.

» Theorem 20. For a graph G, TW(G) < KLX(G) + 1.

Proof. For this, we transform the ordered DFS into an edge-tree, somewhat reminiscent of a
line graph. Let G be a graph such that KLX(G) = k, and let T be a directed DFS such that
KLX(T') < k and denote v = C(G) its contour. Consider the line graph of T, defined as the
graph T’ whose vertices are the edges of T', Vv = Er and where two edges are adjacent if
one is the direct child of the other, that is Ep» = {{(z,v), (y,2)} : (z,y) € Er A(y,2) € Er}.

Recall how in a back edge (z,y), * < y. For an edge e € Tg, denote by O%P(e) :=
{z : (z,y) € O(e)} the set of all the “deeper sides” of the back edges that are open when
visiting e. This will define our bags, and the intuition is that we keep the deeper side of the
back-edges in the bag until we reach the second endpoint of the backward edge. For instance,
in Figure 4, g is added to {c, f}, due to (g, b) crossing the edge {c, f} and d is also included
because (d, a) envelops {¢, f}, resulting in the bag {c,d, f, g}

For every vertex e = {u,v} of T, define the bag B, := O°P(¢)U{u, v}. Therefore,|B.| <
|O(e)] + 2 < KLX(G) + 2. We now show that T’ alongside the bags (B.). is a tree
decomposition of G.

Property 1. By definition, every bag is a subset of V.

Property 2. For every edge e € E¢, there are two cases:

If e € Ep, then the bag B, contains both endpoints z and .

If e = {x,y} ¢ Er, then it is a back edge. Suppose = < y, and consider (c,y) the last
edge of the path xTy. Since ¢ # x because e ¢ Er, we have z € 0%°P({c,y}), and
therefore z,y € By -

Property 3. Remark that for all u € V5, the list of the moments ¢ in the contour such that
u € O%°P((14,7441)) is an interval: it is a union of intervals all starting at the same
point. That is, a union of intervals of the form [a; b;] with a the last occurrence of w in 7,
common to all intervals, and a serie of (b;);. Since an interval of the contour is necessary
a connected subtree of Tg, this gives us the property.
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Figure 5 (Left) The encoding of a DFS tree by R1, R2, and R3. The solid edges represent T
and the dotted ones represent L. (Right) The encoding of the order for k = 3. We only store the k
rightmost children edges in sets C1, C2, and C3. According to Lemma 22, if KLX(T) < k, only vs,
v4, and vs may contain back edges (dotted edges) crossing u.

Therefore, TW(G) < max, |B.| -1 < KLX(G) +1. The inequality is strict in some cases. <

4.2 An MSO; formula of KLX(G) <k

Monadic Second-Order logic (MSOs) is a logical framework that extends classical first-order
logic by allowing quantification not only over individual vertices and edges, but also over
sets of vertices and edges. A graph property P(G) is said to be M SOq-expressible if there
exists an MSOq formula ¢ such that G F ¢ if and only if P(G) holds.

» Theorem 21. The property KLX<(G) := “KLX(G) < k” is MSOq-ezpressible.

The full proof is given in the appendix of the full version of the article on arXiv [5]. We
outline here the main ideas. A key difficulty is that MSO2 cannot encode a total ordering
of an unbounded number of children. However, the crucial observation is that only KLX
children need to be ordered:

» Lemma 22. Given a graph G with KLX(G) < k, there exists an ordered DFS tree T of
G with KLX(T) < k such that for every vertex x with children yi,...,yq ordered from left to
right, only the rightmost k may contain a back edge crossing x.

Let k be the KLX value we want to test. The proof is split in four parts, each showing
how to encode a concept into MSOas:

Encoding of the DFS Tree. We define an MSO, formula DFS(T, r, X) expressing that
T is a DFS tree rooted at r. X is a “labelling” set used in the encoding to store for every
vertex v the information of which neighbour is its parent. Specifically, we label every edge
and vertex with either T or L according to 3 rules R1, R2, and R3:

R1: The root of T is labelled T, and all edges incident to it are labelled L.

R2: For every edge (u,v) of T, the vertex u is labelled T if and only if the vertex v is

labelled L.

R3: For every vertex, except the root, labelled with z € {T, L}, exactly one incident

edge, namely the edge to its parent, is labelled .
With this encoding, a path goes from a vertex to one of its ancestors if and only if it alternates
between T and L, as depicted in Figure 5. We can then test that every back edge (y,x)
corresponds to = being an ancestor of y. We also give a MSOs formula Parent(x,y) which
tests if y is a parent of x.

Encoding of the order. According to Lemma 22, we don’t need to encode the full order of
the minimal-KLX tree, but only a part of it. We encode such an order of a DFS tree T using
k sets C1, ..., Cy, with C; representing the i-th last visited child. Each set C; is equipped with
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a formula Choice(C;) ensuring that for all vertices u at most one of its children is “chosen”.
We also require that all choices are distinct, which leads to a visiting order of the DFS tree:
we first visit all non-chosen children before going into the children chosen by Cj, ..., C7 in
this order, as illustrated in Figure 5.

We also give the formula IsChoice such that IsChoice(C}, u,v) tests if v is the child of u
being “chosen” in C;.
Encoding of the open edges. We describe two rules X1 and X2 that define for every
back edge (y,z) a set X(, ,) containing all tree edges where (y, z) is open. Specifically, X1
refers to the edges being crossed by (y,z) and X2 refers to the edges being enveloped by it.
Formally, X, ,) is the smallest set of edges satisfying:

X1. All tree edges in the path from y to x along T' are contained in X, ,).

X2. For every vertex u strictly inside the path from y to z, denote cg, ..., c; the choices

at u, there is a (¢;,u) € X(y,) and for all j < i, T'(c;) C X(y.0)
We then check that our rules are consistent: if T, 7, X, Cq, ..., C}y is an encoding of a DF'S tree
respecting all previously mentioned rules, with C; choosing the i-th last child, then X, .
corresponds exactly to the set of edges where (y, z) is open.

Encoding of the KLX. Finally, we need to count how many back edges are open at the
same time. To that end, we define a series of k edge sets Fj, ..., B C Eg such that every
back edge e finds a unique i with e € F;. Intuitively, each E; represents one “slot” for
simultaneously open back edges. If a back edge e = (y,x) belongs to E;, we require that
X(y,z) € E;. This guarantees that no two back edges assigned to the same FE; are open
simultaneously, and thus enforces KLX(T, G) < k.

Formally, we describe three rules E1, E2 and E3 that E, ..., E; must satisfy:

E1. For all back edge e, there is an ¢ with e € E;.

E2. For all tree edges e, we have e € E; if and only if there exists a back edge ¢’ such

that e € X, and €’ € E;.

E3. For all pair of back edges e, €', if e,e’ € E;, then X, N X, = 0.
Putting everything together, we show that G satisfies KLX(G) < k if and only if there exist
the variables T,r, X,C4,...,Cy, E1, ..., Ey satisfying all above constraints. This yields an
MSO, formula of the proposition KLX <.

4.3 Concluding remarks

Algorithm 2 serves as a proof for the following theorem.

» Theorem 23. For all k € N, there exists an O(f(k) - (|V| + |E|)) algorithm that tests
whether a graph G has KLX number at most k.

Let us analyse the complexity of Algorithm 2. Testing TW(G) < k+ 1 (step 1) can
be done in running time complexity 20%*) . (|E| 4 |V|) [2]. Notice that depending on how
one applies Courcelle’s theorem (with or without a tree-decomposition), one may not even
need to run Step 1. An approximation algorithm can also be used, as just testing that the
tree-width is bounded is the only goal of this step. Step 2 is constant-time as the formula
KLX <}, does not depend either on the graph or on the DFS tree. Due to Courcelle’s Theorem,
Step 3 can be done in O(f(KLX<g, k) - (V| + |E|)). Therefore, the overall complexity is in
O(g(k) - (V| + |E|)) with g(k) = 20¢*°) 4+ f(KLX<, k + 1), linear time.

Although this algorithm as such is unlikely to serve any practical use, due to the worse-
than-exponential dependency on k, the result suggests that further work could uncover usable
versions of the algorithm.
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