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t| The learning metri
s prin
iple showshow (nonlinear) proje
tion and 
lustering methods 
anbe made to fo
us on dis
riminative properties of data.In this paper we review and extend our earlier work onlearning metri
s for self-organizingmaps (SOMs), 
om-pare algorithms, and introdu
e a new a

urate distan
e
omputation algorithm. It 
an be used with meth-ods that work on pairwise distan
es between the datasamples. Its usefulness is demonstrated for Sammon'smapping, a form of multidimensional s
aling.1 Introdu
tionThe motivation for our earlier work on SOMs that learnmetri
s was that in data exploration (visualization,
lustering) there often is no rigorous basis for 
hoos-ing a metri
. The SOM algorithm [7℄ 
an use manykinds of metri
s but the user has to make the 
hoi
e,usually by �xing the distan
e measure of SOM to beEu
lidean (or some other global alternative), and se-le
ting, transforming, and s
aling the input variables.The learning metri
s prin
iple [4, 5℄ was developedto formalize the idea that it is possible to learn a met-ri
 from dependen
ies between the primary data andanother set 
alled auxiliary data. The SOM 
omputedin learning metri
s be
omes dis
riminative of the aux-iliary data. One example appli
ation is 
lustering of
ompanies su
h that the 
lusters dis
riminate between
ompanies with high and low bankrupt
y risk [5℄.The �rst work used a 
oarse estimate for the metri
that was fast to 
ompute but only a

urate lo
ally.We later [8℄ developed more a

urate ways to 
omputelonger distan
es. In this work the details have been�nalized, and the resulting algorithms are 
omparedto provide a re
ommendation of whi
h variants to use.Comparisons with the standard Eu
lidean SOM and astraightforward way of in
orporating 
lass informationinto SOMs, the supervised SOM [7℄, are in
luded.In the SOM algorithm the metri
 
annot be veryintensive to 
ompute sin
e distan
es need to be 
om-puted during ea
h iteration. By 
ontrast, in meth-ods that require only pairwise distan
es between datapoints, the distan
es need to be 
omputed only on
ein the beginning. We introdu
e a more a

urate dis-tan
e 
omputation algorithm for su
h 
ases; it 
om-

bines graph sear
h with the earlier methods. The al-gorithm is demonstrated for Sammon's mapping [10℄,a variant of multidimensional s
aling.2 The learning metri
s prin
ipleThe data to be analyzed are ve
tor-valued samples x 2Rn , 
alled here primary data. The di�eren
e from thestandard SOM setting is that in the learning data set,ea
h primary data ve
tor is paired with a sample ofauxiliary data 
. Here the 
 in (x; 
) is 
ategori
al, forexample a 
lass of the sample.The fundamental assumption that makes the prin-
iple sensible is that the auxiliary data is 
hosen well.Changes in primary data are 
onsidered relevant onlyto the extent they 
hange the auxiliary data. In asense, 
hoosing the auxiliary data amounts to 
hoosinga viewpoint to the primary data. For example, 
hangesin e
onomi
 indi
ators of 
ompanies may be 
onsideredimportant only if they 
orrelate with bankrupt
y risk,or 
hanges in gene expression only if related to thepresen
e of a parti
ular disease. In the latter example,an indi
ator of whether the disease is present is suit-able auxiliary data, and the gene expression levels arethe primary data.Intuitively, the learning metri
s prin
iple suggests
omputing distan
es by how mu
h the auxiliary data
hanges along a path. Di�eren
es important for aux-iliary data lead to large distan
es, and this knowledgeis extra
ted from data.More formally, the squared distan
e d2L between two
lose-by points x and x + dx in the learning metri
is de�ned by the Kullba
k-Leibler divergen
e betweenthe 
onditional distribution of the auxiliary data at thetwo points, that is,d2L(x;x+dx) = DKL(p(
jx); p(
jx+dx)) = dxTJ(x)dx ;(1)where J(x) is the Fisher information matrix evaluatedat x byJ(x) = Ep(
jx)n� ��x log p(
jx)�� ��x log p(
jx)�T o :(2)The distan
e (1) is valid for 
lose-by or 'lo
al' points,for whi
h dx is di�erentially small. The problem ad-



dressed in this paper appears when data points are fur-ther apart. Then the distan
e is de�ned as the minimalpath integral of lo
al distan
es, where the minimum isover all paths between the two points.Another problem is evident in (2): the distributionp(
jx) is usually not known. In this paper the metri
 is
omputed by estimating p(
jx) expli
itly. An alterna-tive, not dis
ussed here, is to de�ne for the whole sys-tem a 
ost fun
tion so that the method 
an be asymp-toti
ally shown to use the learning metri
 (1) [3, 4℄.3 Computation of distan
esIn pra
ti
e we need to resort to approximations sin
eonly a �nite data set and limited 
omputational re-sour
es are available. In this se
tion we review ap-proximation methods proposed earlier, and introdu
ea new one.3.1 Density estimationGiven a �nite data set, we wish to estimate the densi-ties p(
jx) of auxiliary data, to be used for 
omputingthe Fisher information matrix (2). In [8℄ the followingestimator was the best in the majority of experiments.Take a standard mixture of Gaussians, where ea
hgenerator generates a Gaussian density in the primarydata spa
e and a multinomial distribution in the aux-iliary spa
e.The 
enter of the Gaussian of generator j is �j andthe 
ommon varian
e �2. The multinomial proba-bility of generating 
lass 
 is parameterized by  j
.The probability of 
hoosing generator j is �j . Hen
ePj �j = 1 and P
  j
 = 1 for all j. The 
onditionaldensity generated by su
h a model isp̂(
jx) = Pj  j
�j exp(�kx� �jk2=2�2)Pj �j exp(�kx� �jk2=2�2) : (3)Both standard Parzen estimators and a joint densitymodel 
alled MDA2 [2℄ belong to the model family.However, instead of optimizing the model to maximizethe joint likelihood of primary and auxiliary data, as inthe above-mentioned algorithms, we dire
tly optimizethe 
onditional probabilities needed for the Fisher in-formation matrix, with �j restri
ted to be same for allgenerators, by maximizing the 
onditional likelihoodof the auxiliary data with 
onjugate gradients.3.2 Approximations to path integralsEven when the parametri
 form of the 
onditional den-sity is known, the distan
e de�ned as a minimal pathintegral (
f. Se
tion 2) 
annot usually be 
omputed ina 
losed form.

Lo
al distan
es. The easiest approximation is tosimply use the lo
al metri
 (1) even for longer intervals[5℄, that is, to 
ompute the distan
e between the pointsx and m byd21(x;m) = (x�m)TJ(x)(x �m) ; (4)where J(x) is estimated from (3), repla
ing p(
jx) byits approximation p̂(
jx). This is 
alled here the '1-point' approximation, sin
e it evaluates the lo
al met-ri
 at one point. Sin
e the 1-point approximation ig-nores 
hanges in the lo
al metri
 along the path, it isnot expe
ted to be a

urate over long intervals.Distan
es along straight lines. The lo
al approx-imation 
an be improved by still assuming that theminimal path between x and m is a straight line, butby 
omputing the distan
e more a

urately along it [8℄.The line is divided into T evenly spa
ed segments, andthe lo
al approximation is used for ea
h segment. This'T -point' approximation is 
omputed bydT (x;m) = 1T T�1Xi=0 �rTJ�x+ iT r� r�1=2 ; (5)where r =m� x.In [8℄ it was shown that the T -point distan
e ap-proximation improved SOM performan
e. However, itis 
omputationally more intensive. In Se
tion 4 wedis
uss a speedup for SOM training and in Se
tion 6.3we empiri
ally test how mu
h the 
omputation 
an besped up while still getting good results.Global distan
es by graph approximation. The1-point and T -point distan
e approximations assumethat the minimum-distan
e path between two pointsis (
lose to) a line. This assumption 
an be relaxed by
hoosing a set of points for whi
h pairwise distan
esare known, and 
omputing the minimal path throughthe graph formed by 
onne
ting the points.In prin
iple the set of points 
ould be 
hosen to forma regularly spa
ed latti
e, but the 
urse of dimension-ality would prevent pra
ti
al 
omputation. We sug-gest 
hoosing the known data points. It makes senseto 
ompute distan
es more a

urately where there isdata. The pairwise distan
es are 
omputed with theT -point approximation, and �nally the minimal pathdistan
es are 
omputed with Floyd's algorithm. Thetime 
omplexity of this new 'graph' approximation isO(N3) with respe
t to the number of samples N .Analogous graph 
omputation has earlier been sug-gested for distan
es 
omputed from unsupervised gen-erative models [9℄.Choosing the approximation. The 1-point andT -point approximations are suited for algorithms forwhi
h a

urate approximation of lo
al distan
es is



more important than of long ones. The SOM whi
hsear
hes for nearest model ve
tors is an example. Theapproximations are relatively fast and hen
e attra
tivewhen distan
es 
annot be 
omputed beforehand.The graph approximation is feasible for algorithmswhere the set of points (and hen
e minimal paths) donot 
hange during learning. Methods that use onlythe matrix of pairwise distan
es are ideal 
andidates.In 
ontrast, for algorithms like the SOM where theprototype ve
tors 
hange, the minimum paths wouldneed to be re-evaluated at ea
h iteration.The appli
ation to SOMs in Se
tion 4 uses the 1-point and T -point approximations, and the appli
ationto Sammon's mappings in Se
tion 5 uses the T -pointand graph approximations.4 SOMs with learning metri
sSOMs with learning metri
s (
alled here SOM-L) havebeen applied to analysis of bankrupt
ies [5℄ and geneexpression. The algorithm is reviewed here brie
y.Learning. After the density estimator has been 
on-stru
ted, the SOM-L is 
omputed as usual by iteratinga winner sele
tion and an adaptation step. Here we
onsider only the on-line (sequential) SOM algorithm.The SOM 
omputation as su
h is unsupervised; aux-iliary data is not required for the samples. Only themetri
 has been supervised with the auxiliary data.The winner (best-mat
hing) SOM unit w(t) at iter-ation t is 
hosen byw(t) = argmini d̂2L(x(t);mi(t)) ; (6)where x(t) is the input sample at iteration t, mi is theprototype ve
tor 
orresponding to unit i at iteration t,and d̂2L is either of the distan
e approximations d1 ordT dis
ussed in Se
tion 3.2.The T -point approximation 
an be sped up by win-nowing the set of winner 
andidates by the faster 1-point approximation. The T -point distan
es are 
om-puted only for the W most promising 
andidates.After the winner has been 
hosen, the prototype ve
-tors are adjusted to de
rease the distan
e to the data.Sin
e the new metri
 is a so-
alled Riemannian metri
,steepest des
ent dire
tion is not given by the gradientbut the so-
alled natural gradient. For the 1-point es-timate the update 
oin
ides with the standard SOMadaptation rulemi(t+1) =mi(t) + �(t)hw(t);i(t)(x(t)�mi(t)) ; (7)where �(t) is the learning rate and hw(t);i(t) is theneighborhood fun
tion at iteration t.

Improved adaptation. For the T -point approxima-tion the natural gradient in prin
iple 
hanges the up-date rule slightly; the relative lengths of the T seg-ments adjust the update length. However, the adjust-ments did not improve performan
e in preliminary ex-periments, and we 
hose to use the simpler adaptationmethod (7) in further experiments in Se
tion 6.5 Sammon's mapping by learn-ing metri
sTheory. In methods that start from the distan
e ma-trix of pairwise (global) distan
es, it is not ne
essary tobe able to 
ompute distan
es between arbitrary points.Computing only the distan
e matrix by learning met-ri
s is suÆ
ient.As in SOM-L, the aim still is to study the primarydata. The distan
es are based on primary-spa
e dif-feren
es, and the auxiliary data only guides whi
h dif-feren
es are relevant. Hen
e analysis based on the dis-tan
e matrix is meaningful for and informative of theprimary data. By 
ontrast, the tentative alternative ofde�ning the distan
e based on 
lass index only woulddisregard the primary data 
ompletely.Learning. The distan
e matrix 
an be 
omputed byapproximating the global distan
es as in Se
tion 3.2;both the T -point and the graph approximation are ap-pli
able. After the matrix has been 
omputed, we maysummarize and visualize the data by any method, su
has hierar
hi
al 
lustering, that works on pairwise dis-tan
es. The methods 
an be used as su
h, irrespe
tiveof how the distan
es were 
omputed.Visualization. Metri
 multidimensional s
aling(MDS) methods are widely used for visualizing sim-ilarities of data samples based on a distan
e matrix.They 
onstru
t a (low-dimensional) representation forthe data that aims to preserve the distan
e matrix asEu
lidean distan
es in the output spa
e.Here we 
hose Sammon's mapping [10℄, a variantof MDS whose 
ost fun
tion emphasizes representingsmall distan
es a

urately. The Sammon's mapping
omputed in learning and Eu
lidean metri
s will forbrevity be denoted Sammon-L and Sammon-E, respe
-tively. We test the algorithms empiri
ally in Se
tion 7.6 Empiri
al SOM 
omparison6.1 Goodness measurePreviously [8℄ we have measured SOM performan
e by
onditional likelihood estimates of auxiliary data, atthe winner units of test samples. This measure has aslightly unintuitive 
orollary: sin
e it requires a den-sity estimator, even though traditional SOMs are not



Data set n C NLandsat Satellite Data [1℄ 36 6 6435Letter Re
ognition Data [1℄ 16 26 20000LVQ PAK (Phoneme) [6℄ 20 13 3656TIMIT Data [11℄ 12 41 14994Table 1: The data sets and their dimensionality (n),number of 
lasses (C) and samples (N).trained with su
h estimators, di�erent estimators yielddi�erent results for the same SOM.We propose to measure SOM a

ura
y by, in a sense,how 'unmixed' the auxiliary values are in ea
h SOMunit. The measure is smoothed over neighboring unitsto reward homogeneity of SOM neighborhoods.To be pre
ise, the a

ura
y of a SOM is 
omputedas the 
onditional log-likelihood ofNTEST test samplesfxi; 
igNTESTi=1 proje
ted onto the map. We de�neA

ura
y = NTESTXi=1 logPNSOMj=1 ajwi Nj
iNjPNSOMj=1 ajwi ; (8)where Nji is the number of test samples with auxiliaryvalue 
 = i and winner unit j, and Nj =PiNji. Thewinner unit of the ith sample is denoted by wi.The proje
ted distributions Nj
i=Nj are smoothedover neighboring SOM units by weights ajwi given byajwi = exp ��D2(j; wi)=2�2�Nj ; (9)where D(j; wi) is the distan
e between units j and wion the SOM latti
e. We set the smoothing parameterto � = 1, equal to the neighborhood fun
tion radiusat the end of SOM 
omputation. The weights ajwi areweighted by the number of samples to emphasize morereliable estimates.A

ording to empiri
al tests (not shown), both theold and new indi
ators measure goodness similarly andresult in similar 
hoi
es in parameter and method val-idation.6.2 SOM-L vs. SOM-S and SOM-EWe 
ompared SOM-L with the 1-point and T -pointdistan
e approximations to supervised SOM (SOM-S)[7℄ and Eu
lidean SOM (SOM-E) on four real worlddata sets (Table 1), used in [8℄ as well. Class labelswere used as the auxiliary values 
.A 10-fold 
ross-validation was 
omputed and the sig-ni�
an
e of the di�eren
e between SOM-L and theother methods was tested by a paired t-test. The pa-rameter � and the amount of supervision in SOM-S(the relative weight of the 1-out-of-C en
oded 
lassve
tor) were validated anew for ea
h fold to maximizethe a

ura
y (8) on a validation set sampled from ea
hlearning set. The a

ura
y of the best SOM was then
omputed on the 
orresponding test set.

Landsat1-point SOM-S SOM-ET -point 4� 10�4 10�5 3� 10�81-point - 0:04 8� 10�5SOM-S - - 10�4Letter1-point SOM-S SOM-ET -point 6� 10�8 10�9 < 10�101-point - 2� 10�8 < 10�10SOM-S - - < 10�10LVQ PAKSOM-S SOM-E 1-pointT -point 0:003 2� 10�6 9� 107SOM-S - 0:008 0:001SOM-E - - 0:20TIMITSOM-S 1-point SOM-ET -point 2� 10�5 3� 10�6 3� 10�9SOM-S - 0:02 2� 10�51-point - - 0:004Table 2: P-values of paired t-tests. Presen
e of an en-try means that the method in that row is on the aver-age better than the method in that 
olumn. Signi�
antdi�eren
es (P < 0:01) are underlined for 
onvenien
e.For SOM-L with T -point distan
es (5), we used 30generators for density estimation, and distan
es were
omputed with T = 10 segments to theW = 10 
losestmodel ve
tors. For SOM-L with the 1-point distan
eapproximation (4), the best number of generators was
hosen from 10, 30, and 100 by preliminary experi-ments.On all data sets, SOM-L with T -point distan
es issigni�
antly better than the other methods (Table 2).SOM-L with 1-point distan
es outperforms SOM-S sig-ni�
antly on the Letter Re
ognition set and SOM-E onthree sets.Note that SOM-S is signi�
antly more a

urate thanSOM-E on all sets. This was to be expe
ted, as SOM-Suses more information for training than SOM-E. This�nding gives support to the a

ura
y measure (8).6.3 Parameter sele
tionFor the T -point distan
e approximation (5), the a

u-ra
y of 
omputed distan
es depends on the parameterT (number of metri
 evaluations over a line). The per-forman
e of SOM-L is also a�e
ted by the speedup pa-rameter W (Se
tion 4). Sin
e the 
omputational bur-den of SOM-L in
reases linearly with respe
t to both Tand W , one should use 'minimal' values that produ
e'suÆ
iently' good results.We empiri
ally tested a range of values for T and Won two datasets (Fig. 1) with preliminary validationdata. The a

ura
y seems to in
rease roughly linearly
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W=40Figure 1: Validation a

ura
y for Landsat (left) andLVQ PAK (right) data as a fun
tion of the distan
eparameters T and W , maximized over �. The SOM-Eresults (not shown) are �588 for Landsat and �420 forLVQ PAK. The respe
tive SOM-S results, maximizedover 
lass weighting, are �541 and �361.with the logarithm of TW . The 
hoi
e T = 10;W = 10used in Se
tion 6.2 is not the best for either dataset.However, sin
e the a

ura
y gain is slow and small
ompared to the di�eren
e to SOM-E (and to SOM-S for Landsat data), the 
hoi
e seems a

eptable.7 Empiri
al 
omparison forSammon's mappingTo our knowledge, there exists no \supervised" variantof Sammon's mapping. 1 Hen
e we need not 
ompareour version to alternatives; it is a new algorithm for anew task. We will, however, 
arry out a sanity 
he
kto ensure the Sammon-L �nds 
lass stru
ture from thedata better than the normal unsupervised Sammon'smapping.7.1 Goodness measureA Sammon's mapping for a given data set (or distan
ematrix) does not generalize to new data, althoughheuristi
 generalizations 
an and have been developed.Thus, unlike a learned SOM, we 
annot test a learnedSammon's mapping easily with validation data.However, the learned metri
 
an be used for newdata. We 
an validate the usefulness of the metri
 byusing it to 
ompute a distan
e matrix for validationdata; Sammon's mapping for new data is then 
om-puted from the distan
es.We measure sensibility of the metri
 by an indire
tmeasure, the performan
e of a nonparametri
 
lassi-�er in the output spa
e of the Sammon's mapping.We 
omputed the error rate of a K-nearest-neighbor1While e.g. 
on
atenating a 1-out-of-C en
oding of the 
lasslabel to the primary data, similarly to the SOM-S, would helpdis
riminate learning data, a generalization is needed for new(unlabeled) data. The SOM-S uses learned model ve
tors forgeneralization, but no obvious method is known to generalizefrom a learned distan
e matrix.

Data set Graph T -point Sammon-ELandsat 88.95 87.49 82.69Letter 59.26 56.15 14.29LVQ PAK 90.77 90.48 80.38TIMIT 40.00 39.96 30.40Table 3: Average per
entage of 
orre
t KNN-
lassi�
ations for two Sammon-L variants andSammon-E over 
ross-validation folds. The Sammon-L variants are both signi�
antly better than Sammon-E on all data sets. 'Graph': Sammon-L with graphsear
h; 'T -point': Sammon-L without graph sear
h.(KNN) leave-one-out 
lassi�er for the Sammon's map-ping of the validation data. Ea
h sample was 
lassi�edby majority vote of its K nearest neighbors. In 
ase ofa 'tie', ea
h tied 
lass got an equal weight, yielding e.g.2=3 error if the 
orre
t 
lass and two others are tied.We 
omputed the average performan
e over 20 map-pings with di�erent random initializations.7.2 Sammon-L vs. Sammon-EWe empiri
ally 
ompared the Sammon-L to theSammon-E, on the four data sets in Table 1. To keepthe 
omputation feasible, a random subset of 5000 sam-ples were pi
ked from the data sets that 
ontained morethan 5000 samples.For Sammon-L we evaluated both the T -point andgraph approximations. Both approximations used T =10 segments for distan
e 
omputation, and the kernelwidth � in the 30-kernel density estimate was validatedin preliminary experiments to minimize the error rate.The KNN 
lassi�er neighborhood K was validated forall methods from the range 1 to 100.After the parameters had been 
hosen, a 10-fold
ross-validation was 
omputed. In ea
h fold, the met-ri
 for Sammon-L was learned from 4500 samples andthe Sammon's mappings were 
omputed for a separate500 samples. The signi�
an
e of the di�eren
e wasthen tested by paired t-test.The resulting Sammon-L proje
tions outperformedSammon-E signi�
antly (P < 0:01) by KNN-
lassi�
ation a

ura
y on all data sets (Table 3). Com-puting a

urate global distan
es with the graph sear
h(
olumn 'Graph' in Table 3) further improved perfor-man
e signi�
antly on the Landsat and Letter re
og-nition data sets. On the two other sets the di�eren
ebetween the Sammon-L variants was not signi�
ant.The di�eren
e between Sammon-L with the graphapproximation and Sammon-E is illustrated in Figure2 on Letter Re
ognition data. The learning metri
has emphasized di�eren
es where the 
lass distribu-tions 
hange, leading to in
reased 
lass separation andmore distin
tive 
lustering of 
lasses.
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Figure 2: Illustration of the e�e
t of learning metri
sfor Sammon's mapping on Letter Re
ognition data.Samples are marked by the letter of their respe
tive
lass. The 
lass separation is 
learly in
reased inthe Sammon-L proje
tion (upper) in 
ontrast to theSammon-E (lower).8 Con
lusionsThe learning metri
s prin
iple 
an be used to 
onstru
tmethods that fo
us on modeling interesting di�eren
es.By 
hoosing suitable auxiliary data the analyst 
anspe
ify what aspe
ts of the data are interesting. Themetri
 is appli
able to several appli
ation areas andmethods; here we have 
ompared self-organizing mapsand Sammon's mappings on standard data sets.The proposed methods work well in pra
ti
e, al-though they are relatively 
omputation-intensive. Themain theoreti
al drawba
k is that the 
omplexity ofthe density estimator (smoothness parameter in Se
-tion 3.1) is 
hosen heuristi
ally. A �x is to in
orporatethe metri
 to the model [3, 4℄. However, this must bedone for ea
h model separately, losing the generality ofthe presented algorithms.The goodness of visualizations depends on the over-

all analysis goal, whi
h is hard to formalize as an ex-pli
it 
ost fun
tion. We applied simple indire
t mea-sures of how mu
h the auxiliary data was mixed in thevisualizations. Assuming the auxiliary data is well-
hosen, this reveals how well important di�eren
es aredis
ernible in the visualizations.In empiri
al tests the SOM-L gave signi�
ant im-provements over the supervised SOM. The improveddistan
e 
al
ulation was 
ru
ial. Sammon-L 
on-stru
ted more informative visualizations than an un-supervised variant.A
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