
Proving Impossibility Results
in Distributed Algorithms and Beyond

Sebastian Brandt
CISPA Helmholtz Center for Information Security



Lower Bounds

How can we prove complexity lower bounds
in the LOCAL model?



Lower Bounds

How can we prove complexity lower bounds
in the LOCAL model?

Round Elimination

[Brandt, Fischer, Hirvonen, Keller,
Lempiäinen, Rybicki, Suomela, Uitto, 2016]



Lower Bounds

How can we prove complexity lower bounds
in the LOCAL model?

Round Elimination

[Brandt, Fischer, Hirvonen, Keller,
Lempiäinen, Rybicki, Suomela, Uitto, 2016]

❖ ∆-coloring
❖ sinkless orientation



Lower Bounds

How can we prove complexity lower bounds
in the LOCAL model?

Round Elimination

[Brandt, Fischer, Hirvonen, Keller,
Lempiäinen, Rybicki, Suomela, Uitto, 2016]

Marks' Technique

[Marks, 2016]

❖ ∆-coloring
❖ sinkless orientation



Lower Bounds

How can we prove complexity lower bounds
in the LOCAL model?

Round Elimination

[Brandt, Fischer, Hirvonen, Keller,
Lempiäinen, Rybicki, Suomela, Uitto, 2016]

Marks' Technique

[Marks, 2016]

❖ ∆-coloring
❖ sinkless orientation

❖ ∆-coloring
❖ sinkless orientation



Lower Bounds

How can we prove complexity lower bounds
in the LOCAL model?

Round Elimination

[Brandt, Fischer, Hirvonen, Keller,
Lempiäinen, Rybicki, Suomela, Uitto, 2016]

Marks' Technique

[Marks, 2016]

❖ ∆-coloring
❖ sinkless orientation

?

❖ ∆-coloring
❖ sinkless orientation



Lower Bounds

How can we prove complexity lower bounds
in the LOCAL model?

Round Elimination

[Brandt, Fischer, Hirvonen, Keller,
Lempiäinen, Rybicki, Suomela, Uitto, 2016]

Marks' Technique

[Marks, 2016]

❖ ∆-coloring
❖ sinkless orientation

?

❖ ∆-coloring
❖ sinkless orientation

works in the Borel context?



The LOCAL Model



The LOCAL Model

c

c

c c

c

c

c

c

c

c

c
c

c

c

c
c

c

c

c

c

c

c

c

c

c
c

c
c

c

cc
c

c
c

[Linial, FOCS'87]



The LOCAL Model

c

c

c c

c

c

c

c

c

c

c
c

c

c

c
c

c

c

c

c

c

c

c

c

c
c

c
c

c

cc
c

c
c

Synchronous rounds of
1) Communication
2) Computation

[Linial, FOCS'87]



The LOCAL Model

c

c

c c

c

c

c

c

c

c

c
c

c

c

c
c

c

c

c

c

c

c

c

c

c
c

c
c

c

cc
c

c
c

Synchronous rounds of
1) Communication
2) Computation

Unlimited message size
and local computation

[Linial, FOCS'87]



The LOCAL Model

c

c

c c

c

c

c

c

c

c

c
c

c

c

c
c

c

c

c

c

c

c

c

c

c
c

c
c

c

cc
c

c
c

Synchronous rounds of
1) Communication
2) Computation

Unlimited message size
and local computation

[Linial, FOCS'87]

𝑛: #nodes
Δ: max degree



The LOCAL Model

Synchronous rounds of
1) Communication
2) Computation

Unlimited message size
and local computation

[Linial, FOCS'87]

𝑛: #nodes
Δ: max degree



The LOCAL Model

Synchronous rounds of
1) Communication
2) Computation

Unlimited message size
and local computation

Runtime = #rounds

[Linial, FOCS'87]

𝑛: #nodes
Δ: max degree



The LOCAL Model

c

c

c c

c

c

c

c

c

c

c
c

c

c

c
c

c

c

c

c

c

c

c

c

c
c

c
c

c

cc
c

c
c

Synchronous rounds of
1) Communication
2) Computation

Unlimited message size
and local computation

Runtime = #rounds

[Linial, FOCS'87]

10

7

4

3

1

12

11

15

19

18

21

24

26

25

32

28

27

39

35

38

46

40

43

49

52

50

42

62

58

55

59

64

63

68

67 66

𝑛: #nodes
Δ: max degree



Locality

c

c

c c

c

c

c

c

c

c

c
c

c

c

c
c

c

c

c

c

c

c

c

c

c
c

c
c

c

cc
c

c
c

1 round = distance 1



Locality

c

c

c c

c

c

c

c

c

c

c
c

c

c

c
c

c

c

c

c

c

c

c

c

c
c

c
c

c

cc
c

c
c

2 rounds = distance 2



Locality

c

c

c c

c

c

c

c

c

c

c
c

c

c

c
c

c

c

c

c

c

c

c

c

c
c

c
c

c

cc
c

c
c

3 rounds = distance 3



Locality

c

c

c c

c

c

c

c

c

c

c
c

c

c

c
c

c

c

c

c

c

c

c

c

c
c

c
c

c

cc
c

c
c

𝑡 rounds = distance 𝑡



Locality

c

c

c c

c

c

c

c

c

c

c
c

c

c

c
c

c

c

c

c

c

c

c

c

c
c

c
c

c

cc
c

c
c

Runtime = Distance



Locally Checkable Problems

Locally Checkable:

❖ Output correctness is defined via 
local (= 𝑂(1)-hop) constraints.



Locally Checkable Problems

Locally Checkable:

❖ Output correctness is defined via 
local (= 𝑂(1)-hop) constraints.

Sinkless Orientation:

Orient the edges such that no node
of degree at least 3 is a sink.

Δ-Coloring:

Compute a proper node coloring
with colors {1, 2,… , Δ}.
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can we do in 𝑇 − 1 rounds?
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Is every problem of
complexity Ω(log 𝑛)
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trivial fixed point?

relaxable to a
⟸
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Any algorithm solving Sinkless Orientation 
requires Ω(log 𝑛) rounds.
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Any algorithm solving Sinkless Orientation 
requires Ω(log 𝑛) rounds.
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A Technical Issue

Solution: ID graph

Solution 2: randomness

Different advantages
and disadvantages!

Is there a meaningful
randomized version

of Marks' technique?



Generalization of Marks' Technique
[Brandt, Chang, Grebík, Grunau, Rozhoň, Vidnyánszky, 2022]
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Whether (this generalization of)
Marks' Technique works can be

characterized by a simple criterion. 
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