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Descriptive Complexity

» Computational resources such as space, time, non-determinism can be
related to the expressivity of logical languages over finite structures.

» The birth of the area was marked by Fagin's theorem characterizing
NP in terms of existential second-order logic [Fag74].

Algebraic Computation
» Study problems not suitable for Boolean models
» Use algebraic results to illuminate classical complexity
» Semirings
m More versatile than fields or rings

m Captures very natural structures, e.g. N, B
m Semiring Provenance [GKT07]
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Fagin's theorem exemplified

Let G = ({0,...,n— 1}, E) be a finite graph. The problem whether G is
three-colorable asks if the vertices of G can be partitioned (colored with
three colors) into Xi, Xz, X3 s.t. there exists no edges between the vertices
in X;, for1 <j<3.

G odes in X

odes in X5

odes in X3
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Fagin's theorem exemplified

» Denote by 3COL the class of finite three-colorable graphs.

» The computational problem: given G, determine if G € 3COL, is
NP-complete.

» In logic, we can show that G € 3COL iff G |= ¢, where
gf) = X1 X0 X3Vx1 VX0 (9 A\ (E(Xl,Xg) — viyéj(Xi(Xl) N )(_,(Xz)))),

where 6 expresses that X;'s form a partition of the domain of G.
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Boolean vs. arithmetic circuits
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Circuit evaluation

Circuits over basis B

» Directed Acyclic Graph with
node types:
m Input (fan-in 0)
m Constant (fan-in 0)
m f € B (fan-in > 0)

m Output (fan-in 1)
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Circuit evaluation
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Circuit evaluation

Circuits over basis B

» Directed Acyclic Graph with
node types:
m Input (fan-in 0)
m Constant (fan-in 0)
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» depth: longest path from input
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» Non-uniform!
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Circuit families and uniformity

A very uniform circuit family

» Sequences C = (Cy, Gy, . ..) of circuits where C; has i input gates
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AC? and TCY

Definition
AC? and TCO refer to the classes of languages (sets of finite binary
strings) recognized by DLOGTIME-uniform families (C,)nen of constant
depth polynomial-size circuits.
» For ACO, the circuit C, may have NOT and unbounded fan-in AND
and OR gates.
» For TCY, also unbounded fan-in MAJORITY gates are allowed, which
output 1 iff at least half of the inputs are 1.
» DLOGTIME-uniformity: (C,)nen, as a family of directed acyclic
graphs, can be recognized in time O(log(n)).
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First-order logic

» The formulas of FO over vocabulary o0 = {Ry, ..., R,} are defined as

pr=x=y|R(X)|eAp]|-p|Ixe

» The connective V and quantifier V can viewed as shorthands

» over ordered models (with arithmetic) we also have atomic formulas
x<y(x+y=zand x xy =z)
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Generalized quantifiers

Definition
Let S € N. The quantifiers Cs, Maj and | are defined by:

M= Csx(v(x) iff  [v™] €S,
M = Maj x (¢(x)) iff 9™ > |9]/2,
M = 1y (), $(y)) i ™ = [¢™. |

These quantifiers can be added to first-order logic to obtain, e.g.,the logic
FO(Maj).

Juha Kontinen Descriptive Complexity of Boolean and Algebi 25.2.2026 10 / 25



From FO-formulas to uniform constant-depth circuits

Vx 3y R(x,y) over D={1,...,n}

{R(a.y):y €D} —y—) > ] >
{R(x1,y):y € D} "

o e,

V,ep R(x,y) (computed for each x)
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Binary strings as word models

ERiralERlENiralE

HoOGDE

Pr Pb P Pi1 P P

Word model ({0, ..., n—1},<, Py, P1)
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Circuit complexity and first-order logic

» Many circuit complexity classes have been logically characterized in
terms of varying sets of arithmetic relations and generalized
quantifiers [BIS90]. In particular:

DLOGTIME-uniform AC? = FO{< 4 )

» DLOGTIME-uniform TC? = FOy< ; ,1(Maj) = FO{< 4 (1), where
Maj is the majority quantifier and | the Hartig quantifier
(equicardinality).

» We know that Parity is not in ACY but it is not known if TCY C NP.

> It is also known that TC? > FO;<}(Maj).

\4
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Cardinality quantifiers over ordered structures

» Cardinality quantifiers Cg are the simplest kind of unary quantifiers
and their definability theory is well understood over unordered
structures.

» Over ordered structures cardinality quantifiers can be classified into
two cases: the equicardinality quantifier | can be defined in
FO{<}(Cs) iff S is sufficiently non-periodic [Luo04].

» For example, if S={2" | n€ N} or S =rg(P), where P: N — N is a
polynomial function with nonnegative integer coefficients of degree at
least two, then | can be expressed in FO;<}(Cs). Note that + can be
easily defined with | over ordered structures.
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00000000

period 3

C)E 0 (mod 3) C)E 1,2 (mod 3)

The set S consisting of blue/red elements is periodic
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Characterizing TC? in terms of cardinality quantifiers

A warm-up result

Theorem ([HKL25])
Let P: N — N be a polynomial function with coefficients in N and

deg(P) =k >2, and S = rg(P). Then
FO{<}(Cs) = TC® .

Easy special case: P = x2. Let Sq = {n? | n € N} and consider Cs,. Now,
| is definable in FO<(Cgq) and + is definable in FO<(I). On the other
hand, X is already definable in FO(< | gqy. It follows that

FO{<}(Csq) = FO(< 1 x;(I,Csq) = TC.
L]
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Characterizing TC? in terms of cardinality quantifiers

Theorem ([HKL25])

Let S C N be pseudoloose. Then

FO{S}(Cs) > TCO,

Note: there are uncountably many pseudoloose sets, e.g.,
S ={|x"] | x € N} is pseudoloose for any real r > 1.
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Logic and computation over semirings

Semirings

A semiring is a set K equipped with two operations + and x and two
elements 0 and 1 such that

» (K,+,0) is a commutative monoid

» (K, x,1) is a monoid

» X is distributive w.r.t. +

» 0 is absorbing
K is commutative, if (K, x,1) is commutative.

> N, R, Rsq, C, B, Z
» Tropical semiring (R U {oo}, min, +, 00, 0)
» tukasiewicz semiring ([0, 1], max, min(0,x + y —1),0,1)
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Semirings and K-relations

» A K-relation is a relation over a (finite) domain A whose tuples are
annotated with elements of K.

» This general notion subsumes many familiar structures: for instance,
probability distributions arise when K = R>q, while multisets
correspond to K = N. In this way, K-relations provide a uniform
abstraction for reasoning across a wide range of computational
contexts.

Figure: K-relations over domain A = {a, b} and attributes {x, y}.

K=B K =N K =R>o
Xy x y| x y|
a a|l a a|?2 a a|l/a
a b1l a b|oO0 a b 3/4
b a|0 b a|0 b a| O
b b|0 b b|5 b b

0

Juha Kontinen Descriptive Complexity of Boolean and Algebi 25.2.2026 19 / 25



Semiring provenance in database theory

» Database queries under:

m Standard semantics: what are the query answers?
m Semiring semantics: how to get the query answers?

v

Operates on K-relations,

» Queries propagate the annotations of input tuples to the query
results, indicating how each answer was derived,

» Different semirings can also be used to measure the level of
confidence or cost of evaluation for query answers.
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Semiring semantics of first-order logic

» Orginates from the work in semiring provenance in databases [GT17].
Similar logics have been considered in the weighted-automata
context (see, e.g., [Bad+24]).

» Fix a semiring K = (K, +,-,0,1), a finite domain A and a vocabulary
T.

» The semiring interpretation for FO[7]-formulas is defined via a
K-interpretation 7 assigning K-values to all 7-atomic and negated
atomic facts (e.g, R(d) and a; = a» for R € 7) over elements of A.

The mapping 7 can be then extended to compound formulas using the
rules:

(o VY) =7+ mp (o AY) =md - T
TVx¢p = H mp(a/x)  wIxp = camPd(a/x)

acA
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What can we say about the computational properties of

FO under the semiring semantics

» Goal was to explore the complexity aspects of logics under the
semiring semantics.

» There are several descriptive complexity results for algebraic
computations using FO and its extensions in the metafinite and
weighted logic context (see, e.g., [GM95; Bad+24]).

» We use (a slight extension of) FO to characterize constant-depth
arithmetic circuits (as defined before) and NPy (NP over
BSS-machines for K) by a suitable version of existential second-order
logic.
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Blum Shub Smale Machines

X-1 Xp X1 X2 X3 X4 Xp

0| m™|—e| 5 |23|-9|0

BSS machines / K-machines

» Unbounded tape of K-registers
» Associated graph with node
types: )) -
= Input N
m Output
m Computation
m Branch <hift —
m Shift right
» FTIMEg(f): Functions |
computed in time O(f) )
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Our results

First-order logic and arithmetic circuits

We extend FO with the ability to compare the semiring values of
subformulas () = ¢ and ¢ < ¢ if K is ordered).

Theorem ([Bar+25a])

FO = FACY%

» Here on the circuit side we assume gates for 4+ and - of K and the
same binary comparison gates (= and possibly <) as on the logic side.

» The result is for non-uniform families of circuits so on the logic side
we have to allow arbitrary built-in relations.
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Our results
NP over BSS-machines

We extend FO with existential quantification (essentially) over K-relations
to obtain a variant of ESO.
Theorem ([Bar+25b])
ESO = NPk

» Non-determinism for the BSS-machine is done by guessing a
polynomial length string of K-values before the start of the
deterministic computation.

» We also showed a version of Cook's Theorem and related the Boolean
part of NPk with the existential first-order theory of the semiring K.
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